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CHÜCÍNG 1: CÓNG THÚC LÜ0NG GIÁC 


I. Dinh nghía 

Tren mat phang Oxy cho difdng tron lifdng giác tám O bán kính R=1 va diém M 



II. Báng giá tri ludng giác cüa mot so" cung (hay góc) dác biét 


^\Góc a 
Giá 

o 

o 

o 

f(30") 

í(«") 

f( 60 °) 

f(90") 

sin a 

0 

1 

S 

v/3 

1 



2 

2 

2 


cosa 

1 

v/3 

V2 

1 

0 



2 

2 

2 


tga 

0 

A 

1 

s 

II 



3 




cot ga 

II 


1 

s 

0 





3 



III. He thiíc cd bán 

sin 2 a + cos 2 a = 1 

1 

1 + tg 2 a =--— vdi a^ — + k7i(keZ) 

eos 2 a 2 v ; 

t + cotg 2 = —-— vdi a ^ kreík e Z) 
sin“ a 

IV. Cung lien ket (Cách nhd: eos doi, sin bu, tang sai n ; phu chéo) 

a. Doi nhau: a va -a 
sin (-a) = - sin a 

cos(-a) - cosa 
tg(-a) = -tg(a) 
cotg(-a) = -cotg(a) 
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b. Bu nhau: 

a va ti -a 

sin(jc-a) 

= sina 

cos(TT-a) 

= -cosa 

tg(7t-a) = 

-tga 

cotg(7c-a 

) = -cotga 


c. Sai nhau n : a va n + a 
sin(7ü + a) = -sina 

cos(n: + a) = -cosa 

tg(^: + a) = tga 

cotg(7i + a) = cotga 
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f_ 

sin(x + kTi) = (-l) k sinx,k e Z 

cos(x + kTi) = (-l) k cosx,k e Z 
tg(x + k7i) = tgx,k e Z 
cot g (x + kTl) = cot gx 


V. Cóng tilde cóng 


sin(a±b) = sin a eos b ± sin b eos a 
cos(a±b) = cosacosb + sinasinb| 
tga ± tgb 


tg(a±b) 


1 + tgatgb 


VI. Cong thiíc nhán dói 


sin 2a = 2 sin a eos a 

eos 2a = eos 2 a - sin 2 a = 1 - 2 sin 2 a = 2 eos 2 a -1 


tg2a = ■ 
cotg2a 


2tga 
l-tg 2 a 
_ cotg 2 a-l 
2cotga 


VII. Cóng thiíc nhán ba: 

sin 3a = 3 sin a - 4 sin 3 a 

eos 3a = 4 eos 3 a - 3 eos a 


VIII. Cóng thiíc ha bác: 



IX. Cóng thiíc chía dói 

Dat t = tg — (vói a ^ n + k2n) 
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XI. Cóng thiíc bien doi tích thánh tone 



Ta có: 

sin 4 a + eos 4 a -1 = (sin 2 a + eos 2 a) - 2 sin 2 a eos 2 a -1 = -2 sin 2 a eos 2 a 
Va: 

sin 6 a + eos 6 a -1 = (sin 2 a + eos 2 a)(sin 4 a - sin 2 acos 2 a + eos 4 a) -1 
= sin 4 a + eos 4 a - sin 2 a eos 2 a -1 
= (l - 2 sin 2 a eos 2 a) - sin 2 a eos 2 a -1 
= -3 sin 2 acos 2 a 
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Do dó: 


sin 4 a + eos 4 a -1 
sin 6 a + eos 6 a -1 


-2 sin 2 a eos 2 a _ 2 
-3sin 2 acos 2 a 3 


1 eos X 

Bái 2: Rút gon biéu thtfc A = —7 


sinx 


, ! (l-cosx ) 2 


sin" x 


, 1 71 

Tính giá tri A néu cosx = — va — < x < 71 

2 2 


1 + cosxí sin 2 x + l- 2 cosx + cos 2 x 


2.A 



sinx ^ 

1 + cosx 2 (l-cosx) 


sin 2 x 


sinx 


sin 2 x 


2 (l-cos 2 x) 2 sin 2 x 2 . . 

<=> A = ———-- = ——— = -— (vdi sinx ^ 0) 


sin x sin x sinx 

2 1 _2 


rr 2 1 2 . 1 3 

Taco: sin x = l-cos x = l-= — 

4 4 

Do: — < x < 71 nen sinx > 0 
2 

v- ■ ^ 

Vay sinx = 

^ A 2 4 4V3 

Do do A =-= —¡= =- 

sinx V3 3 



Bái 3 : Chtfng minh các biéu thtfc sau dáy khóng phu thuóc x: 

a. A = 2 eos 4 x - sin 4 x + sin 2 x eos 2 x + 3 sin 2 x 

b. B=A_ + c °<g * +1 

tgx -1 cot gx -1 


a. Ta có: 

4 *4 *2 2 *2 

A = 2cos x-sin x + sm x eos" x + 3 sin” x 

<=> A = 2cos 4 x-(l-cos 2 x) + (l-cos 2 x)cos 2 x +3^1-eos 2 x) 

4 / 2 4\2 4 2 

a>A = 2cos x-I1-2cos x + cos xl + cos“x-cos x + 3-3cos“x 
<=> A = 2 (khóng phu thuóc x) 


b. Vdi diéu kien sinx.cosx ^ 0,tgx ^ 1 
2 cot gx +1 


Ta có: B = 


tgx -1 cot gx -1 
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<=> B 


+ 


tgx 


+ 1 


tgx-l J. 


tgx 


2 | 1 + tgx 

tgx-l 1 - tgx 


2-(l-tgx) 1 — tgx 

<=> B = - - - 1 = - = -1 (khóng phu thuóc váo x) 

tgx-l tgx-l 

Bái 4: Chtfng minl 

1 + cosa 

i 

(l-cosa)' 

eos 2 b-sin’c 2 , 2 

1 r>nl rr h onl rr r* — onl rrq 1 

2 sin a 

^ • 2 
sin a 

i 2 ? V'Ulg ütULg U — UUlgd. 1 

sin - b sin" c 

Ta có: 

, eos 2 b-sin 2 c 2 . 

^ r*ot <T n C 

:otg 2 c 

)COtg 2 C 

-cotg 2 b)-cotg 2 bcotg 2 c = -1 (1) 

• 2 i *2 o 

sin b.sin c 

cotg 2 b 1 2l 

sin 2 C 
= cotg 2 b( 

, 1 + cosa 

* 

• 2 i L 

sin b 

l + COtg 2 c)-(l4 
(l-cosa)“ 

2 sin a 

1 + cosa 

^ • 2 
sin a 

(l-cosa)" 

2 sin a 

l-cos 2 a 


1 + cosa 


2 sin a 


1 - 


1-cosa 
1 + cosa 


1 + cosa 2cosa 

= —-.—-= cotga (2) 

2 sin a 1 + cosa 

Láy (1) + (2) ta diídc diéu phái chtfng minh xong. 


Bái 5: Cho AABC tüy y vói ba góc déu la nhon. 
Tim giá tri nhó nhát cüa P = tgA.tgB.tgC 


Ta có: A + B = ti - C 
Nén: tg(A + B) = -tgC 

tgA + tgB _ 

<=> —-— = -tgC 

1-tgA.tgB 

++ tgA + tgB = —tgC + tgA.tgB.tgC 
Vay: P = tgA.tgB.tgC = tgA + tgB + tgC 
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Áp dung bat dang thtíc Cauchy cho ba so" dtíóng tgA,tgB,tgC ta diídc 
tgA + tgB + tgC > 3^/tgA.tgB.tgC 
<=> P > 3 -Vp 

^ Vp^>3 

<^> P > 3\¡3 

tgA = tgB = tgC 


Dau “=” xáy ra 


n <=> A = B = C = — 
0 < A,B,C < — 3 

2 


Do dó: MinP = 3\¡3 <=> A = B = C = — 

3 


Bái 6 : Tim giá tri lón nhat va nhó nhat cüa 
a/ y = 2 sin 8 x + eos 4 2x 

b/ y = Vsinx - Veos x 


a/ Ta có : y = 2 


1 - cos2x 


+ eos 2x 


J 


Dát t = cos2x vói -1 < t < 1 thi 

y= V l_t ) 4+t4 

=>y' = -|(i-t) a +4t» 

Ta có : y' = 0 O (1 - t) 3 = 8t 3 
<=> 1 - t = 2t 


«• t = - 
3 

Ta có y(1) = 1; y(-l) = 3; y 


Di 




1 

27 


Do dó : Max y = 3 va Miny = — 

xg! xeK 27 


b/ Do diéu kién : sin x > 0 va eos x > 0 nén mién xác dinh 


D = 


n 


k2n, — 1 - k2tt 
2 


vói keZ 


Dát t = Veosx vói 0 < t < 1 thi t 4 = eos 2 x = 1 — sin 2 x 

Nén sinx = yjl - t 4 

Vay y = Vi - t 4 - t tren D' = [0, l] 


-t d 


= -l<0 Vte[0;l) 


Thi y' = - 

Nén y giám trén [ 0, 1 ]. Vay : maxy = y (0) = 1, min y = y (l) = 
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Bái 7; Cho hám scí y = Vsin 4 x + eos 4 x - 2m sin x eos x 
Tim giá tri m dé y xác dinh vdi moi x 


Xét f (x) = sin 4 x + eos 4 x - 2m sin x eos x 
f (x) = (sin 2 x + eos 2 x) - msin2x - 2 sin 2 xcos 2 x 

f (x) = 1 - — sin 2 2x - m sin 2x 
v ’ 2 

Dat: t = sin2x vdi t e [-1,1] 
y xác dinh Vx <=> f (x) > OVx e R 


<=>1- — t 2 -mt>0 Vt e [-1,1] 

2 

<=> g(t) = t 2 + 2mt - 2 < 0 Vt e [-1, l] 

Do A' = m 2 + 2 > 0 Vm nen g(t) có 2 nghiem phán biet ti, Í 2 


Lúe dó 

t 


ti 

Í2 


g(t) 

+ 

0 

0 


Do dó : yéu cáu bái toán <=> < -1 < 1 < t 2 


[lg(-l)<0 

llg(l)<0 


|-2m -1 < 0 
2m -1 < 0 


o 


m > —- . . 

2 

1 2 2 

m < — 

2 


Cách khác : 


g(t) = t 2 + 2mt - 2 < 0 Vt e [-1, l] 

<=> max g(t)<0<^>max{g(-l),g(l)} <0 


<=> max {-2/72 -1),- 2/72 +1)} < 0 <=> 


-1 

m > — 

2 

m < — 

2 


1 1 

O-< 277 < — 

2 2 


v . x • i a . 4 7i . 4 3 tt . 4 . 4 1 k 3 

Bai 8 : Chúng minh A = sin — + sin — + sin-b sin — = — 

- 16 16 16 16 2 


T . • 7tt . 

Ta co : sin— = sin 

16 


C k n ^ 


. 5n 

sm— = eos 

16 


v 2 16 j 

í n 5n^ 


= eos 


n 

16 


2 16 


= eos 


371 


16 
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Mát khác : sin 4 a + eos 4 a = (sin 2 a + eos 2 a) - 2 sin 2 a eos 2 a 

= 1 - 2 sin 2 a eos 2 a 

= 1 - — sin 2 2a 
2 


„ ., a ■ 4 k . 4 7ti .4 3tc . 4 5ti 

Do do : A = sin — + sin — + sin — + sin — 

16 16 16 16 


f sin 


v 

f 


I" 


4 TC 4 71 

+ eos 


16 

1 . 2 
— sin 
2 


16 


+ 


. 4 371 4 

sin — + eos 


16 


71 ^ 


A 1.2 3t0 

— 

+ 

1-sm 2 — 

8; 


12 8 ) 


371^ 

16 J 


-2-i' 

2 


2 71 *2 371 

sm — + sin — 


= 2 - 
= 2 - 



13 
2 _ 2 


71 2 

— + eos 
8 


8 J 


c 

v 


-i . 3 71 71 

do sm— = eos — 
8 8 


y 


Bái 9 : Chtfng minh : 16 sin 10°. sin 30°. sin 50°. sin 70° = 1 


Ta có : A = 


A eos 10° 


eos 10° eos 10° 


(16sin 10°cos 10 o )sin30 o .sin50 o .sin70° 


<» A = —-—Í8sin20°) 
eos 10° v ’ 


eos 40°. eos 20° 




<=> A = —-—(4 sin 20° eos20°).eos40° 
eos 10° v ’ 

<=> A = —-—Í2 sin 40°) eos 40° 
eos 10° v ’ 

A 1 . on0 eos 10° . 

<=> A =-sm 80 =-= 1 


eos 10° 


eos 10° 


A R R C C A 

Bái 10 : Cho AABC . Chtfng minh : tg — tg — + tg — tg — + tg — tg — = 1 

2 2 2 2 2 2 


Ta có : 


A + R 


71 

2 


C 

2 


_ . A+R , C 
Vay : tg—= cotg- 

A R 

tg 2 +g 2 ... 


. , A B 

1 - tg 2' tg 2 

* A * B ' 
tg 2 +tg 2 


tg- 

tg f = 1 - tg f tg f 
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, . cosa sin a eos 2 a-sin 2 a 

Ma : cot ga - tga =-=- 

sin a cosa sin a eos a 


eos 2a , 

= -j -= 2 cot g2a 

— sin 2a 
2 

Do dó : 

(*) <=> cotg—-tg — -2tg—-4tg—= 8 
32 6 32 J 16 8 

2cotg— -2tg— -4tg— = 8 

L 16 16 J 8 

4 cot g — - 4tg — = 8 
8 8 

<=> 8 cot g — = 8 (hién nhien dúng) 



3 


2 

, (rT , , . , cosa cosb sin b eos a - sin a eos b 

b/ Ta co : cot ga - cot gb =-=- 

sin a sin b sin a sin b 
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sin(b - a) 
sin a sin b 

sin(2x-x) 1 . 

Do dó : cotgx - cotgzx =---- =-(1) 

sinxsin2x sin2x 

sin(4x-2x) 1 , , 

cotg2x - cotg4x =---=-(2) 

sin2xsin4x sin4x 

sin(8x-4x) 1 . . 

cotg4x - cotg8x =---- =-(3) 

sin 4x sin 8x sin 8x 

sin(16x-8x) 1 . . 

cotg8x - cotgl6x =---- =-(4) 

sin 16x sin 8x sin 16x v 

Lay (1) + (2) + (3) + (4) ta diídc 

cot gx - cot gl6x = ---4---4---4--- 

sin2x sin4x sin8x sinl6x 

Bái 13 : Chtíng minh : 8 sin 3 18° 4- 8 sin 2 18° = 1 
Ta có: sinl8° = cos72° 

<=> sin 18° = 2cos 2 36° - 1 
<=> sin 18° = 2(1 - 2sin 2 18 0 ) 2 - 1 
<=> sin 18° = 2(1 - 4sin 2 18 0 +4sin 4 18°)-l 
8sin 4 18° - 8sin 2 18° - sinl8° 4- 1 = 0 (1 ) 

(sin 18° - l)(8sin 3 18° + 8sin 2 18° - 1) = 0 
<=> 8sin 3 18° 4- 8sin 2 18°- 1 = 0 (do 0 < sinl8°< 1) 

Cách khác : 

Chia 2 ve cüa (1) cho ( sinl8° - 1 ) ta có 
( 1 ) 8sin 2 18° ( sin 18° + 1 ) - 1=0 



3 1 , 

= — 4- — eos 4x 

4 4 

b/ Ta có : sinóx 4- cosóx 

= (sin 2 x + eos 2 x) (sin 4 x - sin 2 x eos 2 x 4- eos 4 x) 
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= (sin 4 x + eos 4 x) - ^ sin 2 2x 
^3 1 


— + —cos4x 
v 4 4 

3 . 5 

= — cos4x + — 

8 8 


\ i 

-(l-cos4x) ( do ket quá cáu a ) 

8 


c/ Ta có : sin 8 x + eos 8 x = (sin 4 x + eos 4 x) - 2 sin 4 x eos 4 x 

= — (3 + cos4x) 2 - — sin 4 2x 
16 v ’ 16 

— (9 + 6cos4x + eos 2 4x) - — 

) 8 


16 
_9_ 3 
16 + 8 


— (1 - cos4x) 


eos 4x + — (1 + eos 8x) - — (1 - 2 eos 4x + eos 2 4x) 

g 2 v ¡ QO v ) 


32 


9 3 „ 1 Q 1 „ 1 , 

=-h — eos 4x H-eos 8x H-eos 4x-1 + eos 8x 

16 8 32 16 64 v ’ 

35 7 . i _ 

= -H-eos 4x H-eos 8x 

64 16 64 


Bái 15 : Chiíng minh : sin 3x. sin 3 x + eos 3x. eos 3 x = eos 3 2x 


Cách 1: 

Ta có : sin 3x. sin 3 x + eos 3x. eos 3 x = eos 3 2x 

= (3sinx - 4 sin 3 x)sin 3 x + (4 eos 3 x - 3eos x) eos 3 x 

= 3 sin 4 x - 4 sin 6 x + 4 eos 6 x - 3 eos 4 x 


= 31 sin 4 x - eos 4 x 


= 3 (sil 
3 (si 


= 3 sin" x - eos x sin x + eos x 


)-4(si 

)(si. 


sin x - eos x 


0 


) 


-4 (sin" x - eos" xj^sm’ x + sin" xcos" x + eos’ x 
= -3 eos 2x + 4 eos 2x [l - sin 2 x eos 2 x] 

1 


[ )( sii 


) 


= -3 eos 2x + 4 eos 2x 

= cos2x 

= cos2x 
= eos 3 2x 

Cách 2 : 

Ta có : sin 3x. sin 3 x + eos 3x. eos 3 x 


( 

1 - — sin 2 2x 
l 4 



( i , y 

-3 + 4 

1 -sin" 2x 


l 4 )\ 

(l - sin 

2 2x) 


= sin 3x 


3sinx - sin3x 


+ cos3x 


^3cosx + cos3x^ 

l 4 J 


3 1 

= — (sin3xsinx + cos3xcosx) + — (eos 2 3x - sin 2 3x^ 
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3 

4 
1 
4 
1 
4 


eos (3x - x) + — eos 6x 
(3cos2x + cos3.2x) 

(3 eos 2x + 4 eos 3 2x - 3 eos 



( bó dong náy cüng diícfc) 


_ - eos 3 2x _ 

Bái 16 : Chtfng minh : eos 12° + eos 18° - 4 eos 15°. eos 21° eos 24° = - ^ + ^ 

Ta có : eos 12° + eos 18° - 4 eos 15° (eos 21° eos 24°) 

= 2 eos 15° eos 3 o - 2 eos 15° (eos45° + eos 3 o ) 

= 2 eos 15° eos 3 o - 2 eos 15° eos 45° - 2 eos 15° eos 3 o 
= -2 eos 15° eos 45° 

= - (eos 60° + eos 30°) 

V3+ 1 
2 


Bái 17 : Tính P = sin 2 50° + sin 2 70 - eos 50° eos 70° 

Ta có : P = —(l - eos 100°) + -(l - eos 140°) - i (eos 120° + eos 20°) 
2 2 2 

P = l--(cosl00° + cosl40°)--í-- + cos20°" 

2 V ’ 2^ 2 ) 

P = l-(cosl20° eos 20°) + — - — eos 20° 
v ' 4 2 

P = — + — eos20° - — eos20° =- 
4 2 2 4 


Bái 18 : Chtíng minh : tg30° + tg40° + tg50° + tg60° 


8>/3 on0 

-eos 20 

3 


Áp dung : tga + tgb = 


sin (a + b) 
eos a eosb 


Ta có : (tg50° + tg40°) + (tg30° + tg60°) 


sin 90° sin 90° 

eos 50° eos 40° eos 30° eos 60° 
1 1 

sin 40° eos 40° + l cos30 » 

2 


= 2 


sin 80° eos 30° 

f 1 1 


eos 10° + eos 30° 


) 
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_ ^ f eos 30° + eos 10°' 
v eos 10° eos 30° J 

_ ^ cos20 p eos 10° 

eos 10° eos 30° 

8^3 on0 

= -eos 20 

3 


Bái 19 : Cho AABC , Chtíng minh : 

/ • A • D ■ n A A B C 

a/ sin A + sin B + sin C = 4 eos — eos — eos — 

2 2 2 

ABC 

b/ socA + eos B + eos C = 1 + 4 sin — sin — sin — 

2 2 2 

c/ sin 2 A + sin 2B + sin 2C = 4 sin A sin B sin C 
d/ eos 2 A + eos 2 B + eos 2 C = -2 eos A eos B eos C 
e/ tgA + tgB + tgC = tgA.tgB.tgC 
f/ cot gA. cot gB + cot gB. cot gC + cot gC. cot gA = 1 

g/ cotg—+ cotg—+ cotg — = cotg —.cotg —.cotg — 


A + B A - B 

a/ Ta có : sin A + sin B + sin C = 2 sin-eos-t- sin (A + B) 


= 2 sin 


A + B 


f 


eos 


A-B 


A + B 


+ eos 
2 2 


y 


, C A B 
= 4 eos — eos — eos — 
2 2 2 


(j A + B n C 

do-=- 

^ 2 2 2 


A+B A-B 

b/ Ta có : eos A + eos B + eos C = 2 eos-eos-eos (A + B) 


„ A+B A-B 
= 2 eos-eos- 


= 2 eos 


2 

A + B 


(o 2A + B ^ 
2 eos-1 

l 2 


A-B 

eos-eos 


2 

A + B 


+ 1 


„ A+B . A . 

= -4 eos-sin — sin 

2 2 

. . C . A . B , 

= 4 sin — sin — sin — + 1 

2 2 2 


B 


+ 1 


c/ sin2Asin2B + sin2C = 2 sin (A + B)cos(A - B) + 2 sin C eos C 


= 2 sin C cos(A - B) + 2 sin C eos C 
= 2sinC[cos(A - B) - cos(A + B)] 
= -4 sin C sin A sin( - B) 


= 4 sin C sin A sin B 
d/ eos 2 A + eos 2 B + eos 2 C 

= 1 + ^ (eos 2A + eos 2B) + eos 2 C 
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= 1 + eos (A + B) eos (A - B) + eos 2 C 

= 1 - cosC[cos(A - B) - cosC] do (cos(A + B) = -cosC) 

= 1 - cosC[cos(A - B) + cos(A + B)] 

= 1 - 2 eos C. eos A. eos B 
e/ Doa + b = 7t-C nén ta có 
tg(A + B) = -tgC 


tgA + tgB 


= -tgC 


1 - tgAtgB 
<=> tgA + tgB = —tgC + tgAtgBtgC 
«> tgA + tgB + tgC = tgAtgBtgC 

f/ Ta có : cotg(A+B) = - cotgC 
1 - tgAtgB 


tgA + tgB 
cot gA cot gB -1 


= - cot gC 

= - cot gC (nhan tu” va máu cho cotgA.cotgB) 


cot gB + cot gA 
<=> cot gA cot gB -1 = - cot gC cot gB - cot gA cot gC 
<=> cot gA cot gB + cot gB cot gC + cot gA cot gC = 1 

_ , , A+B A C 

g/Taco: tg—-— = cotg — 


A B 
tg 2 +tg 2 


B =COtg í 


i-teftg- 

A B 

cotg-+ cotg- c A B 

<=>- z = cot g — (nhan tu” va máu cho cotg — .cotg —) 

cotg|.cotg|-l 2 2 

A B ABC , C 

<=> cot g — + cot g — = cot g — cot g — cot g-cot g — 

2 2 2 2 2 2 

A B C ABC 

<=> cot g — + cot g —h cot g — = cot g —. cot g —. cot g — 

2 2 2 2 2 2 


Bái 20 : Cho AABC . Chiíng minh : 

cos2A + cos2B + eos 2C + 4cosAcosBcosC + 1=0 


Ta có : (cos2A + cos2B) + (cos2C + 1) 

= 2 eos (A + B)cos(A - B) + 2cos 2 C 
= - 2cosCcos(A - B) + 2cos 2 C 

= - 2cosC[cos(A - B) + cos(A + B)] = - 4cosAcosBcosC 
Do dó : cos2A + cos2B + cos2C + 1 + 4cosAcosBcosC = 0 
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. . C . A . B , 
4 sm — sin —. sin — + 4 
2 2 2 


( 1 ) 
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a • t~> r\ 0 . A + B A — B „ 
sin A + sin B + sin C = 2 sin-eos-+ sin C 


o c A-B _ . C C 

= 2 eos — eos-+ 2 sin — eos — 

2 2 2 2 


A-B A + B 
eos-+ eos- 


9 C 

= 2 eos — 
2 


. C A B 
= 4 eos — eos — eos— (2) 
2 2 2 


Tir (1) va (2) ta có : 


.A . B . C .A.B.C, 
sin— sin- sin— sin — sin —sin—h 1 


^ _ 

2 , 2 

"2 _ 

2 2 

2 



A B 

C 

ABC 


eos— eos 

eos 

eos — eos 

eos 



2 2 

2 

2 2 2 


. A 

B C" 

. B 

A C" 

C 

A Bl 

<=> sin — 

eos —eos — 

+ sin — 

eos — eos — 

+ sin — 

eos — eos — 

2 

L 2 2 J 

2 

L 2 2 J 

2 

L 2 2 J 


. A . B . C , 

= sin — sin — sin — + 1 
2 2 2 


= 1 



A 

r B 

C . B . Cl 

A 

. B C . C Bl 

sin 

— 

eos — eos-sin—sin— 

+ eos — 

sin — eos — + sin — eos — 


2 

L 2 

2 2 2 ¿ 

2 

L 2 2 2 2 J 


A 

B+C A . B+C . 


sin 

— 

.eos- 

— + eos — sin — 

- = 1 



2 

2 

2 2 

> 



fA + B + C" 




<»sin 

— 


= 1 





2 





K 


sin — = 1 ( hien nhién dúng) 
2 


sin 


A 


sin 


B 


sin 


Bái 25 : Cho A ABC . Chtfng minh: 


B C C A A B 
eos —eos— eos —eos— eos — eos — 
2 2 2 2 2 2 


= 2 


Cách 1 : 


sin 


A 


sin 


B 


Ta có : 


B C 
eos eos 
2 2 


C A 
eos eos —? 
2 2 


.A A . B B 

sin — eos —h sin eos 
2 2 2 2 

ABC 
eos — eos eos 
2 2 2 


1 sin A + sin B 

2 A B C 

eos — eos eos 

2 2 2 

C A-B 

eos .eos- 

2 2 

ABC 
eos — .eos .eos 
2 2 2 


. A + B A-B 

sin-eos- 

2 _ 2 

ABC 
eos+-eos eos 
2 2 2 

^ A - B A 


eos 


V 


J 


A B 
eos — eos 
2 2 
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eos 


Do dó : Ve trái = 


A-B 


v 


sin 


J 


A B 
eos — eos 
2 2 


A B 
eos — eos 
2 2 


A-B A+B 

eos-h eos- 

2 _ 2 

A B 
eos — eos 
2 2 


„ A B 
2 eos — eos — 
2 2 

A B 
eos -eos 
2 2 


= 2 


Cách 2 : 


Ta có ve trái = 


eos 


B + C 


eos 


A + C 


eos 


A + B 


B C 
eos —eos — 
2 2 


C A 
eos —eos — 
2 2 


A B 
eos — eos — 
2 2 


B C . B . C 

eos eos-sin sin 

2 2 2 2 

B C 

eos eos 
2 2 


A C . A . C 

eos — eos-sin — sin 

2 2 2 2 

C A 

eos eos — 

2 2 

A B . A . B 

eos — eos-sin — sin 

2 2 2 2 

A B 

eos — eos — 

2 2 


= 3 


, B C A C A B 

tg — tg — + tg — tg— + tg — tg — 
2 2 2 2 2 2 


_ , A B B C A B 

Ma: tg — tg —+ tg — tg—+ tg — tg— = 1 

(da chtíng minh tai bái 10 ) 

Do dó : Ve trái = 3 - 1 = 2 


ABC 

Bái 26 : Cho AABC . Có cot g —, cot g —, cot g — theo ttí tg tao cap so cong. 

2 2 2 


A C 

Chtfng minh cot g —. cot g — = 3 
2 2 


^ , , A , B , C 1V ^ ^ ^ 

Ta co : cot g — , cot g — , cot g — la cap so cong 

2 2 2 

r A + C _ , B 

<s> cot g — + cot g — = 2 cot g — 

2 2 2 


sin 


A + C 


2 eos 


B 


. A . C 
sin — sin — 
2 2 


. B 
sin — 
2 
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eos 


B 


. A . C 
sin — sin 
2 2 


A . C 
sin — sin — 
2 2 


o B 
2 eos 2 

B 


sin 


2 

2 


A + C 
eos- 


(do 0<B< 7i nén eos — > 0) 
2 


A C . A . C 

eos — eos-sin — sin— A n 

»-2-^-2 = 2 0 cotg A cotg C = 3 

. A . C 6 2 2 

sin — .sin — 

2 2 


Bái 27 : Cho AABC . Chtfng minh : 

lili 

- 1 - 1 -— — 

sin A sin B sin C 2 


ABC A B C 

tg—+ tg— +tg- +cotg—+ cotg —+ cot g- 


^ , , A B C A , B C 

Ta co : cot g — + cot g —h cot g — = cot g —. cot g —. cot g — 

2 2 2 2 2 2 

(Xem chúng minh bái 19g ) 

,, v ,, , , , sin a cosa 2 

Mat khac : tga + cot ga =-+ 


Do dó : — 
2 


cosa sin a sin 2a 

ABC A B C 
tg — + tg — + tg — + cotg — + cotg — + cotg — 
2 2 2 2 2 2 


, A B C 
tg ^ + tg 2 +tg 2 


A A 

tg—+ cotg — 


+ 


' A B C 
cotg — + cotg — + cotg — 


1 

" B ^ B~ 

1 

re .el 

H- 

tg—+ cotg — 

H- 

tg—+ cotg — 

2 

L 2 2 J 

2 

2 2 


1 


1 


1 


sin A sin B sin C 


BÁITÁP 

1. Chiíng minh : 

, n 2 k 1 

a/ eos-eos— = — 

5 5 2 

eos 15° + sin 15° _ /g 

eos 15° - sin 15° 

, 271 471 671 1 

c/ eos — + eos — + eos — = — 

7 7 7 2 

d/ sin 3 2x sin 6x + eos 3 2x. eos 6x = eos 3 4x 


e/ tg20 o .tg40°.tg60 o .tg80° = 3 

. 7i , 2n ,571 ,71 8^3 n 

f/ tg — + tg — + tg — + tg — =-eos — 

6 9 18 3 3 9 

, 71 271 371 471 571 671 771 

g/ eos —. eos —. eos —. eos —. eos —. eos —. eos — 
15 15 15 15 15 15 15 


1 

¥ 
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h/ tgx.tg 


Tí 


Tí 

-X 

•tg 

-h X 

3 


3 


= tg3x 


k/ tg20° + tg40° + V3tg20°.tg40° = S 

fo 

d sin 20°. sin 40°. sin 80° = — 

8 

m! tg5 0 .tg55°.tg65 0 .tg75° = 1 

ísinx = 2sin(x + y) 


2. Chiíng minh ráng neu 


x + y * (2k + l)^(k e z) 
z 


thi 


tg(x + y)= 


sin y 
cosy-2 


3. Cho AABC có 3 góc déu nhon va A > B > C 

a/ Chtfng minh : tgA + tgB + tgC = tgA.tgB.tgC 
b/ Bat tgA.tgB = p; tgA.tgC = q 
Chtfng minh (p-l)(q-l)>4 

4. Chtfng minh các bieu thtfc khóng phu thuoc x : 

a/ A = sin 4 x (l + sin 2 x) + eos 4 x (l + eos 2 x) + 5 sin i 2 x eos 2 x + 1 

b/ B = 3(sin 8 x - eos 8 x) + 4 (eos 6 x - 2 sin 6 x) + 6sin 4 x 

c/ C = eos 2 (x - a) + sin 2 (x - b) - 2cos(x - a)sin(x - b)sin(a - b) 


5. Cho AABC, chiíng minh 

. D cosC 
a/ cot gB + 


sin B eos A 


= cot gC + 


cosB 


sin C eos A 
ABC 


3A 3B 


b/sin A + sm B + sin C = 3cos — eos —eos—+ eos — eos 

non n 


3C 
eos — 
2 


i ■ -a ■ n A B “ C B A “ C 

c/ sin A + sin B + sin C = eos —. eos-h eos —. eos- 

2 2 2 2 

C A-B 

+ eos —.eos- 

2 2 


d/ cotgAcotgB + cotgBcotgC + cotgCcotgA = 1 
e/ eos 2 A + eos 2 B + eos 2 C = 1 - 2 eos A eos B eos C 
f/ sin3Asin(B- C)+ sin3Bsin(C- A)+ sin3Csin(A- B) = 0 

6. Tim giá tri nhó nhá't cüa : 

/ 1 1 .. n K 

a/ y =-+-vdi 0 < x < — 

sin x eos x 2 

9tt 

b/ y = 4x h- + sin x vái 0 < x < oo 

x 

c/ y = 2 sin 2 x + 4 sin x eos x + V5 

7. Tim giá tri ló’n nhat cüa : 

a/ y = sin xVcosx + eos xVsinx 

b/ y = sinx + 3sin2x 

c/ y = eos x + - eos 2 x 
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Chtftfng 2 ; PHÜOÍNG TRINH LÜ0NG GIÁC COÍ BAN 


u = v + k2n 

sínu = sin v <=> , 

u = n - v + k2n 
eos u = eos v <» u = +v + k2n 


U ^ — + k7T 
2 


tgu = tgv <=> < 

cot gu = cot gv <=> 


U = V + k'7T 

u ^ k7l 
u = v + k ’ tt: 


Bác biét : sinu = 0 <=> u = k7i 


sinu = 1 <=> u = — + k27r(k e Z) 
sinu = -1 o u = - — + k27i 


2 

Chú y : sinu ^ 0 cosu ^ +1 
eos u ^ 0 <=> sin u * ±1 


(k,k'e Z) 


eos U = 0 <t=> U = — + kft 
2 

cosu = 1 <=> u = k27i (k e Z) 
eos u = -l<=>u = 7i + k2jr 


Bái 28 : (Be thi tuyen sinh Bai hoc khól B, nám 2002) 

Tim x e [0,14] nghiem dúng phiídng trinh 

eos 3x - 4 eos 2x + 3 eos x - 4 = 0 (*) 

Ta có (*) : <s> (4cos 3 x - 3 cosx) - 4(2cos 2 x - l) + 3cosx - 4 = 0 
<=> 4eos 3 x - 8eos 2 x = 0 <=> 4 eos 2 x(cosx - 2) = 0 
<s> cosx = O hay cosx = 2(loai vi eos x < 1) 

<=> x = ^ + k7i(k e Z) 


Ta có : x e 


[0,14] <=> 0 < — + kre < 14 
2 


71 71 1 14 1 

<=> --<k7i<14-- <=> -0,5 = <k<—- — «3,9 

2 2 2 k 2 


Má k e Z nen k e [0,1,2,3}. Bo dó : 


n 3ti: 5n 7ti| 

2’T’T’Tj 


Bái 29 : (Be thi tuyen sinh Bai hoc khól B, nám 2004) 
Giái phiídng trinh : 

(2cosx - l)(2sinx + cosx) = sin2x - sinx(*) 


Ta có (*) <=> (2cosx - l)(2sinx + cosx) = sinx(2cosx - 1) 
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Bái 31: Giái phiídng trinh sin 2 x + sin 2 3x = eos 2 2x + eos 2 4x(*) 

Ta có (*) <=> —(1 - cos2x) + —(1 - cos6x) = —(1 + cos4x) + —(1 + cos8x) 
2 2 2 2 

<=> - (eos 2x + eos 6x) = eos 4x + eos 8x 

<=> -2cos4xcos2x = 2cos6xcos2x 
<=> 2cos2x(cos6x + cos4x) = 0 

<=> 4 eos 2x eos 5x eos x = 0 

<=> eos 2x = 0 v eos 5x = 0 v eos x = 0 


<=> 2x = — + kjcv5x — + kjivx = — + kji,k e Z 
2 2 2 


k kx jt kji k , , _ 

<=> x = —l-v x =-1-v x = — hk7i , k e ¿L 

42 10 5 2 
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Ta có : (*)<=> sinx.cos4x - —(1 - cos4x) = 2 

A 1 1 A 3 O • 

<=> sin x eos 4x-+ — eos 4x =-2 sin x 

2 2 2 

<=> sin x eos 4x + — eos 4x + 1 + 2 sin x = 0 
2 


= 0 


1 - eos 


f n ^ 

-x 



( . O 


f • 

<=> cos4x 

sm x + — 

+ 2 

sm x + — 


l 2; 


l 2 J 


<=> (cos4x + 2) 


1 

sinx + — 
2 


= 0 


<=> 


cos4x = -2(loai) 


sin x = — = sin 
2 




<=> 


x = — — + k27i: 
6 

7 n , 

x =-1- 2h7i; 

6 


v «y 

Tacó:|x-l|<3 <=>-3<x-l<3 <=> -2 < x < 4 

Váy : -2 < + k27i < 4 

6 

a n 11,21 

6 6 12 tc 7i 12 

71 

Do keZ nén k = 0. Váy x =- 

6 

-2 < — + h27t < 4 

6 

0 77i , 0 ,771 17,27 

<=> -2-< h27i; <4-<=>-<h<- 

6 6 7t 12 je 12 

=>h = 0 => x = — .Tóm lai x = —hayx = — 

6 6 6 

1 -71 

Cách khác : sin x = — <=> x = (-l) k -h k7x, k e Z 

2 6 

Váy : -2 < (-l) k — + k7i<4<^ — < (-l) k — + k < - 
6 n 6 n 

—7T 771 

<=> k=0 va k = 1. TiíOng líng vdi x = —hay x = — 

6 6 


7 

2 


Bái 33 : Giái phiícíng trinh 

sin 3 x eos 3x + eos 3 x sin 3x = sin 3 4x (*) 

Ta có : (*)<=> sin 3 x(4cos 3 x - 3cosx) + eos 3 x(3sinx - 4 sin 3 x) = sin 3 4x 

<=> 4 sin 3 x eos 3 x - 3 sin 3 x eos x + 3 sin x eos 3 x - 4 sin 3 x eos 3 x = sin 3 4x 
<=> 3 sin x eos x (eos 2 x - sin 2 x) = sin 3 4x 

3 , 

<=> — sin2xcos2x = sin 4x 
2 
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<=> — sin4x = sin 3 4x 
4 

<=> 3 sin 4x - 4 sin 3 4x = O 
<=> sinl2x = O 

<=> 12x = kjT <=> x = e Z) 

Bái 34 : (De thi tuyen sinh Dai hoc khoi B, nám 2002) 

Giái phiídng trinh : 

sin 2 3x - eos 2 4x = sin 2 5x - eos 2 6a (*) 

Ta có : (*)<=> 

^(1 - cos6x) - ^(1 + cos8x) = i(l - coslOx) - ^(1 + cosl2x) 

<» eos 6x + eos 8x = eos lOx + eos 12x 
<=> 2cos7xcosx = 2cosllxcosx 
2cosx(cos7x - cosllx) = 0 


<=> eosx = 0 v eos7x = cosllx 

K 

<=> x = — + kji v 7x = ±llx + k2rc 
2 


n , kji kji 

<» x = —bk7TVX = - v x = — 

2 2 9 


k e Z 


Bái 35 : Giái phifdng trinh 

(sinx + sin3x) + sin2x = (cosx + cos3x) + cos2x 


<^> 2 sin 2x eos x + sin 2x = 2 eos 2x eos x + eos 2x 
<=> sin 2x (2 eos x + 1) = eos 2x (2 eos x + 1) 

<=> (2eos x + 1)(sin 2x - eos 2x) = 0 


<=> eos x = — = eos — v sin 2x = eos 2x 
2 3 

<=> x = ± — + k27r v tg2x = 1 = tg — 

3 4 

<íí> x = ± — + k2rc vx = - + k-,(keZ) 
3 8 2 


Bái 36: Giái phifOns trinh 

eos lOx + 2 eos 2 4x + 6 eos 3x. eos x = eos x + 8 eos x. eos 3 3x (*) 

1 

Ta có : (*)<=> coslOx + (1 + cos8x) 

1 = cosx + 2cosx| 

(4cos 3 3x - 3cos3x] 

1 


(eos lOx + eos 8x) + 1 = eos x + 2eos x.eos 9x 

<=> 2 eos 9x eos x + 1 = eos x + 2 eos x. eos 9x 
<=> eos x = 1 

x = k27i(k g Z) 


Bái 37 : Giái phifdng trinh 
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4 sin 3 x + 3 eos 3 x - 3 sin x - sin 2 x eos x = 0 (*) 

Ta có : (*) <=> sinx(4sin 2 x - 3) - cosx(sin 2 x - 3cos 2 x) = 0 
<=> sin x (4 sin 2 x - 3) - eos x [sin 2 x - 3 (l - sin 2 x) = 0 
<=> (4sin 2 x - 3)(sinx - cosx) = 0 
<=> [2(1- eos 2x) - 3] (sin x - eos x) = 0 

[ 9 1 2n 

cos2x = — = eos — 

<» 2 3 

sinx = cosx 


2x = ± — + k2 ?1 
o 3 

tgx = 1 


<=> 


x = ± — + k7i: 
3 

x = — + k7t 
4 


(keZ) 



Ta có :(*)«• sinx + cosx + 2 sinx eos x + 2 eos 2 x = 0 
<=> sinx + cosx + 2 cosx (sinx + cosx) = 0 

<=> (sin x + eos x) (1 + 2eos x) = 0 


sinx = - cosx 

<=> o 1 2n 

cos2x = — = eos — 
2 3 



X =-b k7T 

o 4 (k.Z) 

x = ± — + k2n 

L 3 


Bái 39 : Giái phiídng trinh 

(2sinx + l)(3cos4x + 2sinx - 4) + 4eos 2 x = 3(*) 

Ta có :(*)<=> (2 sin x + l)(3cos4x + 2 sin x - 4) + 4[l - sin 2 x) - 3 = 0 
«• (2sinx + l)(3cos4x + 2sinx - 4) + (1 + 2sinx)(l - 2sinx) = 0 
<=> (2 sin x + 1) [3eos4x + 2 sin x - 4 + (1 - 2 sin x)] = 0 
<=> 3(eos4x - 1)(2sin x + 1) = 0 

<=> eos 4x = 1 v sin x = — — = sin 

2 
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<=> 4x = k2n v x = 


- — + k2n v x = — + ]í2n 
6 6 


<=> 


k7i 

X = — V x = - 
2 


— + k27i v x = — + k27i, (k e Z) 

6 6 V ’ 


Bái 40: Giái phúdng trinh 

sin 6 x + eos 6 x = 2 (sin 8 x + eos 8 x) (*) 


Ta 

có : 

:(*) «► 

sin 6 x - 

2 sin 8 x + eos 6 

<=> 

sin 

6 x(l - 2 sin 2 x) 

- eos 6 x(2cos 

<=> 

sin 

6 xcos 2x - eos 6 

x. eos 2x = 0 

<=> 

eos 

2x(sin f 

’ x - eos' 

3 x) = 0 

<=> 

eos 

2x = 0 v sin 6 x 

= eos 6 X 

<=> 

eos 

2x = 0 v tg 6 x = 

1 

<=> 

2x 

+ 

oq 

II 

l)|vtgx = ±l 

<=> 

x = 

(2k + l 

4^ | 3 

< 

X 

II 

11 

1+ 

4^ | 3 

+ 

3 



n kíi 

,k eZ 


<=> 

x = 

-1- 



2 eos 8 x = 0 

1 ) = ° 


Bái 41 : Giái phúdng trinh 

eos x. eos 2x. eos 4x. eos 8x = 

— o 


16' ’ 


Ta thay x = k7i khong la nghiém cüa (*) vi lúe dó 
eos x = ±1, eos 2x = eos 4x = eos 8x = 1 


(*) thánh : ±1 = — vó nghiém 

16 

Nhán 2 ve” cüa (*) cho 16sinx ^ 0 ta dúde 

(*)<=> (16sinxcosx)cos2x.cos4x.cos8x = sinx vá sinx^O 

<=> (8sin2xcos2x)cos4x.cos8x = sinx vá sinx ^ 0 
<=>(4sin4xcos4x)cos8x = sinx vá sinx ^ 0 


<=> 2sin8xcos8x = sinx vá sinx ^ 0 

<=> sinl6x = sinx vá sinx ^ 0 

k27T n k?i ,, 

<=>x =-v x =-1-, k e Z 

15 17 17 V ’ 


Do : x = h7i khong lá nghiém nén k 15m vá 2k + 1 ^ 17n (n, m e Z) 


Bái 42: Giái phúdng trinh 8cos 3 


l X+ sJ 


eos 3x (*) 


Dát t = 



O 


x = t 


n 

3 
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Thi eos 3x = eos (3t - ti) = eos (n - 3t) = - eos 3t 

Vay (*) thánh 8 eos 3 1 = - eos 3t 
<=> 8 eos 3 1 = -4 eos 3 1 + 3 eos t 
<=> 12 eos 3 1 - 3 eos t = 0 
<=> 3 eos t (4 eos 2 1 - l) = 0 

<=> 3 eos t [2 (1 + eos 2t) - l] = 0 
<=> eos t (2 eos 2t + 1) = 0 

, n 0 , 1 2tc 

o eos t = 0 v eos 2t = — = eos — 

2 3 

■e> t = (2k + 1) v 2t = ± ^ + k2rc 

<=> t = — + kji v t = ± — + kji 
2 3 

Má x = t - — 

3 

tc 2tc 

Vay (*)<=> x = —h k27T v x = kn v x =-h kíi, (vóik e Z) 

G 3 

Ghi chú : 

Khi giái các phu’dng trinh liídng giác có chiía tgu, cotgu, có an ó máu, hay 
chiía can bac chan... ta phái dat diéu kien de phiíOng trinh xác dinh. Ta sé 
düng các cách sau dáy dé ? kié’m tra diéu kien xem có nhan nghiém hay 
khóng. 

+ Thay các giá tri x tim dhOc váo diéu kien thu’ lai xem có thóa 
Hoác + Bieu dién các ngon cung diéu kien va các ngon cung tim diídc tren cüng 
mot difóng trón lifdng giác. Ta sé loai bó ngon cung cüa nghiém khi có 
trüng vói ngon cung cüa diéu kien. 

Hoác + So vdi các diéu kien trong quá trinh giái phu’dng trinh. 


Bái 43 : Giái phu’dng trinh tg 2 x - tgx.tg3x = 2(*) 
"eos x 0 


Diéu kien 


eos 3x = 4 eos 3 x - 3 eos x * 0 


ti hit 

» cos3x ^ 0 <=> x ^ — + — 

6 3 


Lúe dó ta có (*) <=>tgx(tgx - tg3x) = 2 
sin x f sin x sin 3x^ 


<»- 


eos X 


cosx cos3x 


= 2 


<=> sin x (sin x eos 3x - eos x sin 3x) = 2 eos 2 x eos 3x 
<» sin x sin (-2x) = 2 eos 2 x. eos 3x 

<=> -2 sin 2 x eos x = 2 eos 2 x eos 3x 
- sin 2 x = eos x eos 3x (do eos x ^ 0) 

<=> - ^ (1 - eos 2x) = — (eos 4x + eos 2x) 

<^> eos 4x = -1 4x = k + k27i 
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TI k.7T /. 

<=>x = — + —(keZ) 

4 2 

so vdi diéu kien 

Cách 1 : Khi x = — + — thi eos 3x = eos 
4 2 


371 3k7 ^ = ±^0(nhan) 


J 


Cách 2 : Bieu dién các ngon cung diéu kien va ngon cung nghiém ta thay 
khóng có ngon cung nao trüng nhau. Do dó : 
tc k7i 

(*) O X = — + — 

4 2 

Liíu y cách 2 raí mát thdi gian 
Cách 3 : 

_ 3n 3k7i n , 

Neu 3x =-1-= —i- hrc 

4 2 2 

Thi 3 + 6k = 2 + 4h 

<=> 1 = 4h - 6k 

<=> — = 2h - 3k (vó ly vi k,heZ) 

2 



Bái 44: Giái phiTdng trinh 
tg 2 x + cot g 2 x + cot g 2 2x = ^ (*) 


Diéu kien 


eos xííO 

< sin x ^ 0 <=> sin 2x^0 
sin 2x^0 


Do dó : 

(*)«• f 1 


-1 


veos X 


f 


+ 


J 


-1 


f 


+ 


<=> 


<=> 


ksnCx ) Vsin 2 2x 
11 1 20 
eos 2 x sin 2 x 4 sin 2 x eos 2 x 3 
4 sin 2 x + 4 eos 2 x + 1 20 


-1 


4 sin 2 xcos 2 x 

5 _ 20 
sin 2 2x 3 


3 

<=>sin 2 2x = — (nhán do sin2x ^ 0) 

4 

<=> — (1 - cos4x) = — 

2 4 

„ 1 2tt 

<=> eos 4x = — = eos — 

2 3 

O n 

<=> 4x = ± — + k27T 
3 

x = ± —i-(k e Z) 

6 2 V ’ 


11 

y 
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Chú y : Có thé dé dáng chiíng minh : tgx + cotgx =- 

sin 2x 


Váy (*)<=>(tgx + cot gx) 2 - 2 + 
5 


-1 


sin x 


11 

y 


<=> 


__ 20 

sin 2 2x 3 


Bái 45 : (Be thi tuyen sinh Dai hoc khoi D, nám 2003) 

Giái phifdng trinh 



sin 2 

f x n) 

tg 2 x - eos 2 — = 0(*) 


12 ~4) 

2 w 


Diéu kién : eos x ^ 0 <=> sin x^+1 
lúe dó : 


(*) «> - 

2 


i n 

1 - eos X — 

l 2 


<=> 


<=> 


(1 - sinx) 

(l-cos 2 x) 

1 - sin 2 x 

1 - eos 2 X 

- (1 + cosx) = 

1 + sin x 


(1 + cosx) 

1-cosx 

1 

\ / 

1 + sinx 


sin 2 x 1 r n n 

-x-1 + cosx = 0 

eos 2 x 2 L J 


- (1 + cosx) = 0 


= 0 

<=> (1 + eos x) (- eos x - sin x) = 0 
cosx = -l(nhandocosx * 0) 
tgx = -1 
x = n + k2n 

x = ~ — + kn 
4 


<=> 


Bái 46 : Giái phiíOng trinh 

sin2x(cotgx + tg2x) = 4eos 2 x(*) 


v ísmx 0 

Diéu kién : \ <=> 

[cos2x 0 


ísinx * 0 
(2 eos 2 x - 1 ^ 0 


o 


cosx ^ ±1 


COSX ± 


y 


„ , , 0 cosx sin2x 

Ta co : cotgx + tg2x =-1- 

sinx cos2x 

eos 2x eos x + sin 2x sin x 


sinx eos 2x 
cosx 

sinx eos 2x 


Lúe dó : (*) <=> 2 sin x eos x 


f 


eos x 


sinx eos 2x 


= 4 eos x 
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2 eos 2 x 
cos2x 


= 4cos 2 x (Dosinx + O) 


cosx = O 
1 


cos2x 


= 2 


<=> 


eos x = 0 


V2 

Nhán do eos x + — va + ±1 
2 


1 7T 

eos 2x = — = eos —, (nhán do sin x + 0) 


x = — + k7t 
2 

x = ± — + k7t 

6 


(k E Z) 


Bái 47 : Giái phúdng trinh: 

cotg 2 x - tg 2 x 
cos2x 


, 2,2 cos 2 x sin 2 x 

Ta co : cotg x - tg x = ¿- 

sin x cos~ x 

eos 4 x - sin 4 x 4 eos 2x 


• 2 2 -2o 

sin xcos x sin 2x 

„ Ísin2x + O . ^ 

Diéu kién : < <«> sm4x^0 

[cos2x + O 



4 

Lúe dó (*) <«> —r ~2 - = 1^(1 + cos4x) 

sin 2x 

<=> 1 = 4 (1 + eos 4x) sin 2 2x 
•«>1 = 2(1 + eos 4x) (1 - eos 4x) 
<=>1 = 2^1- eos 2 4x) = 2 sin 2 4x 


<«> sin 2 4x = — (nhán do sin4x + 0) 


<«> 


1 

2 


(1 - eos 8x) 


1 

2 


<=> eos 8x = O <=> x = — + —, k 

16 8 



( n^ 


f n 

1 / .i* \ 

x + — 

cotg 

~~ x 


{ 3j 


V6 J 

1 v 7 


Diéu kién \ 



f K ^ 

+ 0 


f 

TC^l 

sin 


sin 

x + 

— 


l 3 j 

<«> i 


V 

3 J 


f K } 

+ 0 


f 

TU^l 

sin 


eos 

X + 

— 


1 6 J 



V 

3 J 


+ O 


<«> sm 


2x + 


2n 


* O 


+ O 
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1 V3 

<=> — sin 2x + eos 2x^0 

2 2 

<=> tg2x * y¡3 

Tacó: sin 4 x + eos 4 x = (sin 2 x + eos 2 x) - 2 sin 2 x.cos 2 x = 1 - ~sin 2 2x 

f 7t^ (n ^ ( 71^ (K 

Va: cotg x H— .cotg-x =cotg x + — .tg —+x =1 

v 3y v6 J l 3J 1,3 J 

1 7 

Lúe dó: (*) <=> 1-sin 2 2x = — 

2 8 

<=> - — (1 - cos4x) = - — 

4 V ’ 8 

<=> cos4x = — 

2 

a , ^ i o , 7i: kTr: 

<=i> 4x = + —h k27t <=> x = ±-1- 

3 12 2 


(nhán do tg2x = ±-^ V3 ) 

3 


Bái 49: Giái phúcíng trinh 2tgx + cot g2x = 2 sin 2x H-(*) 

sin2x 


v ícos2x * 0 

Diéu kién: < <=> sm2x 0 <=> cos2x ^ ±1 

[sin2x * 0 

, „ ., ... 2sinx cos2x _ . _ 1 

Lúe dó: (*) «-+-= 2sin2x +- 

cosx sin2x sin2x 

<=> 4 sin 2 x + eos 2x = 2 sin 2 2x + 1 

<=> 4 sin 2 x + (l - 2 sin 2 x) = 8 sin 2 x eos 2 x + 1 

<=> 2 sin 2 x (l - 4 eos 2 x) = 0 
<=> 2 sin 2 x [l - 2 (1 + eos 2x)] = 0 

sin x = 0 (loai do sin 2x * 0 => sin x ^ 0) 

<=> i 2 ti: 

eos 2x = — = eos — (nhán do eos 2x * ± 1 ) 


<=> 2x = ± — + k27r (k € Z) 


<=> x = ± —b k7i, keZ 
3 
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Diéu kién : tgx - sinx ^ O <=> 
sinx(l - cosx) 


smx 


- sin x ^ 0 


<=> 


* 0 o 


cosx 


cosx 
sin x ^ 0 

eos x * 0 <=> sin 2x ^ 0 


Lúe dó (*)<=> 


cosx 1 

3 (sin x + tgx). cot gx 


(tgx - sinx). cot gx 

3(cosx + l) . 

<=> —-- - - 2(1 + cosx) = 0 

(l — eos x) v ’ 


- 2(1 + cosx) = 0 


<=> 


-2 = 0 (do sin x ^ 0 nén eos x + 1 ^ 0) 


1 - eos x 
<=> 1 + 2 cosx = 0 

<=> cosx = -i (nhan so vdi diéu kién) 

2tt 

<=> x = ± — + k27i ,ke Z 


Bái 52 : Giái phúdng trinh 

(1 - cosx) 2 + (1 + cosx) 2 , 1. . 9 

——tg xsmx = — (1 + smx) + tg"x(*) 


4(1 - sinx) 


v ícosx ^0 

Diéu kién : \ <=> cosx^O 

sin x * 1 


2(1 


+ eos X 


) 


sin 3 x 


= —(1 + sinx) + - 
2 V ’ 1 


sin x 


- sin x 


Lúe dó (*)<=> . v , 2 

4(1-smx) 1 - sin“ x 

<=> (l + eos 2 x) (1 + sin x) - 2 sin 3 x = (1 + sin x) (l - sin 2 x) + 2 sin 2 x 

<=> (1 + sinx) (l + eos 2 x) = (1 + sin x) eos 2 x + 2 sin 2 x (1 + sin x) 

1 + sin x = 0 

1 + eos 2 x = eos 2 x + 2 sin 2 x 
sin x = -1 (loai do eos x * 0) 

1 = 1- eos 2x 


<=> 


<=> 


<=> cos2x = 0 


<=> 2x = — + k7i 
2 

<=> x = — + k — (nhán do cosx ^ 0) 
4 2 


Bái 53 : Giái phúdng trinh 

cos3x.tg5x = sin7x (*) 

Diéu kién cos5x ^ 0 

T , ^ ^ o sin5x . „ 

Lúe do : (*) <s> cos3x.-= sm7x 

cos5x 
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<=> sin5x.cos3x = sin7x.cos5x 

<=> i [sin 8x + sin 2x] = [sin 12x + sin 2x] 

<=> sin 8x = sin 12x 

<=> 12x = 8x + v 12x = n - 8x + k2jr 
kji 71 krc 

<=>X = - V X = -H- 

2 20 10 

So lai vdi diéu kién 

x = — thi cos5x = eos ——— = eos— (loai neu k lé) 
2 2 2 


n k7r f 

x =- 1 -thi eos 5x = eos 


20 10 


n k7t 
-1- 

4 2 


^ 0 nhán 


7T k.7T 

Do dó : (*)<=> x = hi v x =-1-, vdi k, h eZ 

20 10 


Bái 54 : Giái phifcfng trinh 


sin 4 x + eos 4 X 1 , 4. n \ 

——= -(tgx + cotg2x)(*) 


Diéu kién : sin2x ^ 0 

Ta cd : sin 4 x + eos 4 x = [sin 2 x + eos 2 x) - 2 sin 2 xcos 2 x 

= 1 - — sin 2 2x 
2 

. „ sinx cos2x 

tgx + cot g2x =-+- 

cosx sin2x 

_ sin 2x sin x + eos x eos 2x 

cosx sin 2x 

cos(2x-x) 1 


cosx sin 2x sin2x 

1 - — sin 2 2x 

Do dó : (*) <=>--- 

sin 2x 

1 -2 


2 sin 2x 
1 


<=> 1-sin 2x = 

2 2 

<=>sin 2 2x = l (nhándo sin2x ^ 0) 
<=>cos 2 2x = 0 


n 


<=> 2x = —h k7t, k e Z 
2 

n k7i 

<=> x = —l-, k e Z 

4 2 


Bái 55 : Giái phiídng trinh 

tg 2 x.cotg 2 2x.cotg3x = tg 2 x - cotg 2 2x + cotg3x (*) 

Diéu kién : cosx ^ 0ASÍn2x ^ 0ASÍn3x ^ 0 
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<=> sin 2x ^ O a sin 3x ^ O 

Lúe dó (*) <» cotg3x (tg 2 x cot g 2 2x -1) = tg 2 x - cot g 2 2x 
1 - eos 2x V1 + eos 4x ^ 


<=> cot g3x 


-1 


l-cos2x l + cos4x 


l + cos2x l-cos4x 


, 1 + eos 2x A1 - eos 4x, 

<í> cot g3x[(1 - eos 2x) (1 + eos 4x) - (1 + eos 2x) (l - eos4x)] 
= (1 - cos2x)(l - cos4x) - (1 + cos4x)(l + cos2x) 
cotg3x[2cos4x - 2cos2x] = -2(cos4x + cos2x) 
cos3x, 


<=> 


- [-4 sin 3x sin x] = -4 eos 3x eos x 


sin 3x 

<=> eos 3x sin x = eos 3x eos x (do sin 3x * 0) 

<=> cos3x = Ovsinx = cosx 

71 

<=> 3x = — h k7i v tgx = 1 
2 

<=> x = — + — v x = — + ln (k, 1 e Z) 

6 3 4 v 

So vdi diéu kién: sin2x.sin3x ^ 0 


re kxc , v 

{ n 2kn ^ 


f n , 'i 

x = —i-thi sm 

+ 

.sin 

— + k7i 

6 3 

13 3 J 


12 J 


* 0 


<=> sm 


1 + 2k 


n ^ 0 


J 


Luón dúng V k thóa 2k + 1 * 3m (m e Z) 

* Khi x = — + Itc thi sin 
4 


fn ^ 

- + 21n 

sin 


\2 J 


14 J 


= ± ^o 
2 


x = — + , k e Z a 2k ^ 3m - 1 (m e Z) 

6 3 


n 


luón dúng 
Do dó: (*) <=> 

Cách khác: 

(*) <=>cotg3x(tg 2 xcotg 2 2x-l) = tg 2 x-cotg 2 2x 
tg 2 x-cotg 2 2x tg 2 2x.tg 2 x-l 


x = —b Itt, 1 e Z 
4 


<=> cot g3x = 
<=> cot g3x = 


tg 2 xcotg 2 2x -1 tg 2 x-tg 2 2x 
(1 + tg2x.tgx) (1 - tg2x.tgx) 


(tg2x - tgx) (tg2x + tgx) 

<=> cot g3x = cot gx. cotg3x <=> eos 3x = 0 v sin x = eos x 


BÁITÁP 
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1 . 

2 . 

3. 


Tim các nghiém tren ,3 tt;J cüa phiídng trinh: 

sin f 2x + —1 - 3 eos f x - —1 = 1 + 2 sin x 


Tim các nghiém x tren |^0,— J cüa phrrong trinh 

sin 2 4x - eos 2 6x = sin(10,57T + lOx) 

Giái các phifdng trinh sau: 

a/ sin 3 x + eos 3 x = 2 (sin 5 x + eos 5 x) 

^ sin x + sin 2x + sin 3x _ ^ 
eos x + eos 2x + eos 3x 

el tg 2 x = 1 + cosx 
1 - sin x 

d/ tg2x - tg3x - tg5x = tg2x.tg3x.tg5x 

e/ eos —x = eos x 
3 

r/ o /o ’ f n ) 1 1 

f/2V2sm x H— =-+- 

l 4J sinx cosx 


i/ 2tgx + cot g2x = s¡3 


sin2x 


h/ 3tg3x + cot g2x = 2tgx 4- 

sin 4x 

k/ sin 2 x + sin 2 2x + sin 2 3x = 2 
.. sin2x 

1/ -+ 2 eos x = 0 

1 + sin x 

m/ V25 - 4x 2 (3sin 2nx + 8 sin nx) = 0 

, sinx.cotg5x 

n/ -= 1 

cos9x 

0 / 3tg6x-—— = 2tg2x - cot g4x 

sin 8x 

p/ 2 sin 3x(l - 4 sin 2 xj = 1 

, , 2 1 + cosx 

q/ tg x = -- T - 

1 - sin x 

o o y¡2 

r/ eos xcos3x + sin xsm3x =- 


/ • 4 x 4 x 5 

s/ sin — + eos — = — 


t/ eos 3 x - 4 sin 3 x - 3 eos x sin 2 x + sin x = 0 

/ * 4 ^ 4 ^ r\ • 

u/ sin — + eos — = l-2smx 
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4. 


5. 


v/ sin 




sin 2x. sin 



(2 - sin 2 x)sin3x 

w/ tg 4 X + 1 = --- 

eos X 


y/ tgx + eos x - eos x = sinx 1 + tg —tgx 

v 2 


Cho phiídng trinh: (2 sin x - l)(2cos2x + 2sinx + m) = 3 - 4 eos 2 x(l) 

a/ Giái phiídng trinh khi m = 1 
b/ Tim m de (1) có dúng 2 nghiem tren [0, ti] 

( DS: m = 0vm<-lvm>3 ) 

Cho phiídng trinh: 

4 eos 5 x sin x - 4 sin 5 x. eos x = sin 2 4x + m (l) 

Biet rang x = ti la mot nghiem cüa (1). Hay giái phiídng trinh trong triíáng 
hdp dó. 
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CHÜ0NG III. 

PHÜ0NG TRINH BAC HAI VÓI CÁC HÁM SO LÜ0NG GIÁC 


a sin 2 u + b sin u + c = 0 

( a *0) 

a eos 2 u + b eos u + c = 0 

( a *■ 0) 

atg 2 u + btgu = c = 0 

( a *0) 

a cot g 2 u + b cot gu + c = 0 

( a * o) 


Cách giái; 

Bat : t = sinu hay t = cosu vdi Itl < 1 


Tt 


t = tgu (diéu kién u ^ — + kjr) 

2 


t = cotgu (diéu kién u ^ k7i ) 

Các phúdng trinh tren thánh: at 2 + bt + c = 0 

Giái phúdng trinh tim diído t, so vdi diéu kién dé’ nhán nghiém t. 

Tú” dd giái phúdng trinh lúdng giác cd bán tim dúdc u. 


Bái 56: (Be thi tuyé’n sinh Bai hoc khoi A, nám 2002) 
Tim các nghiém trén (0,2 ti) cua phúdng trinh 


f 


sm x + 


v 


cos3x + sin3x 
1 + 2sin2x 


= 3 + cos2x(*) 


Biéu kién: sin2x ^ — 

2 

Ta cd: sin3x + cos3x = (3sinx - 4sin 3 xj + (4cos 3 x - 3 cosx] 
= -3(eos x - sinx) + 4 (eos 3 x - sin 3 xj 
= (eos x - sin x) -3 + 4 (eos 2 x + eos x sin x + sin 2 xj 
= (eos x - sin x) (1 + 2 sin 2x) 

Lúe dd: (*) <=> 5[sinx + (cosx - sinx)] = 3 + (2cos 2 x - lj 

( l') 

l 2j 

<=> 2 eos 2 x - 5 eos x + 2 = 0 


<=> 


cosx = — 

2 

cosx = 2(loai) 


x = ± — + k27i (nhán do sin2x = ±—^ ^ —) 

3 2 2 
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Do x e ( 0,2n ) 


nén x = 


n 5n 
— v x = — 


3 3 


Bái 57: (Be thi tuyén sinh Bai hoc khól A, nám 2005) 
Giái phiídng trinh: eos 2 3x.eos 2x - eos 2 x = 0(*) 


^ l + cos6x _ l + cos2x _ 

Ta có: (*) -,cos2x-= 0 

2 2 

<=> cos6x.cos2x — 1 = 0 (**) 

Cách 1 : (**) <=> ^4cos 3 2x - 3cos2x)cos2x -1 = 0 

4 eos 4 2x - 3 eos 2 2x - 1 = 0 
eos 2 2x = 1 

eos 2 2x = - — (vo nghiem) 


<=> 


<s> sin 2x = 0 


<=> 2x = k7i <=> x = ~(k e Z) 

Cách 2 : (**) <=> ^(cos8x + cos4x) -1 = 0 

<=> eos 8x + eos 4x - 2 = 0 

<=> 2 eos 2 4x + eos 4x - 3 = 0 

cos4x = 1 

<=> „ 3 n 

cos4x = - — (loai) 

<=> 4x = k27t <=> x = ~(k e Z) 

Cách 3: phifdng trinh liídng giác khóng máu miíc: 
cos6x = cos2x = 1 

(**) <=> 

cos6x = cos2x = -1 

Cách 4: eos 8x + eos 4x - 2 = 0 <=> eos 8x + eos 4x = 2 
<=> eos 8x = eos 4x = 1 <=> eos 4x = 1 


Bái 58: (Be thi tuyén sinh Bai hoc khól D, nám 2005) 
Giái phiídng trinh: eos 4 x + sin 4 x + eos 


f n^ 
x - 

sin 

( n > 

3x - — 

-1 = 0 

l 4; 


l 4) 

2 


Ta có: 

(*) 

<=> (sin 2 x + eos 2 xj - 2 sin 2 xcos 2 x + — 


sin 

(a 

4x- 

+ sin2x 


l 2 ; 



- 8-0 

2 
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11 3 

<=> 1-sin 2 2x4— f- eos 4x + sin 2x1-= 0 

2 2 L 1 2 

1 9 1/ o \ 1 1 

<=> — sin 2 2x-(1 — 2 sin 2 2x) + — sin 2x-= 0 

2 2 ' ' 2 2 

<=> sin 2 2x + sin 2x - 2 = 0 
sin2x = 1 

sin2x = -2(loai) 

<=> 2x = — + k2n, keZ 
2 

<=> x = — + krc,keZ 


Bái 59; (De thi tuyén sinh Bai hoc khoi B, nám 2004) 

Giái phúdng trinh: 5 sin x - 2 = 3 (1 - sinx) tg 2 x (*) 


Diéu kién: eos x ^ 0 <=> sin x * ±1 
Khi dó: (*) <s> 5sinx-2 = 3(l -sinx) 


sin 2 x 
eos 2 x 


<=> 5 sin x - 2 = 3 (1 - sin x) 


sin 2 x 
1 - sin 2 x 


<=> 5 sin x - 2 = 


3 sin x 
1 + sin x 


<=> 2 sin 2 x + 3 sin x - 2 = 0 


<=> 


sinx = — (nhándosinx * ±1) 
sinx = -2(vo nghiem) 


x = + k27T v x = ^ + k2it (k e Z) 


Bái 60 : Giái phúdng trinh: 2sin3x--— = 2 eos 3x4 —(*) 

sinx cosx 


Diéu kién: sin2x ^ 0 

Lúe dó: (*) o 2 (sin 3x - eos 3x) = — 4-— 


o 2 


3 (sin x + eos x) - 4 ¡sin 3 x 4- eos 3 xj 


smx cosx 

1 


smx cosx 


<=> 2 (sin x 4- eos x) 3-4 (sin 2 x - sin xeos x + eos 2 xj 


smx 4- cosx 
sinx cosx 


<s> (sinx + cosx) 


-2 4- 8 sinx cosx - 


smx cosx 


= 0 
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<s> (sinx + cosx) 


4sin2x - 


sin2x 


o 


sinx + cosx = 0 
4 sin 2 2x - 2 sin 2x - 2 = 0 


o 


-2 =0 
tgx = -1 

sin 2x = 1 v sin 2x = 


-l(nhán so vdidiéu kién) 


<=> x = - — + k7iv2x = — + k2K v 2x = - — + k2K v 2x = — + k2rc, keZ 
4 2 6 6 

<» X = ± — + kft V X = - — + k7ivx = — + k7T, k G Z 

4 12 12 


Bái 61 : Giái phúdng trinh 


eos x ^2 sin x + 3V2 j - 2 eos 2 x - 1 


1 + sin 2x 


= 1 o 


v 71 

Diéu kién: sin2x ^ -1 <=> x -b mji 

4 

Lúe dó: 

(*) <=> 2 sin x eos x + 3V2 eos x - 2 eos 2 x - 1 = 1 + sin 2x 
<=> 2 eos 2 x - 3V2 eos x + 2 = 0 

V2 /— 

<=> eos x = — hay eos x = v2 (vo nghiem) 

2 


<=> 


X = — + k27T 

4 

n 


x = — + k 1 2n (loai do diéu kién) 


o x = — + k27T 
4 


Bái 62 : Giái phiídng trinh: 

x 3x x 3x 

eos x. eos —. eos-sin x sin — sin — 

22 22 



Ta có: (*) <=> — cosx (eos 2x + cosx) + — sinx (eos 2x - cosx) 


<=> eos x. eos 2x + eos 2 x + sin x eos 2x - sin x eos x = 1 


<=> eos 


2x( 


eos x + sin x 


)-i- 


eos x + smxcosx 


<=> eos 2x (eos x + sin x) = sin x (sin x + eos x) 
<=> (eos x + sin x) (eos 2x - sin x) = 0 (* *) 

<=> (eos x + sin x) (l - 2 sin 2 x - sin x) = 0 


cosx = -smx 
2 sin 2 x + sin x - 1 = 0 


1 

2 
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<=> 


tgx = -1 
sin x = -1 


sin x = — 
2 


<=> 


x = — — + k.71 

4 

x = --^- + k27i (k e Z) 

x = — + k27i v x = — + k2?i 


6 6 
Cách khác : (**) <=> tgx = -1 v eos2x = sinx = eos 


í n ^ 

-x 

2 y 


Bái 63 : Giái phiídng trinh: 4cos 3 x + 3>/2 sin2x = 8cosx(*) 


Ta có: (*) <=> 4 eos 3 x + 6y¡2 sin x eos x - 8 eos x = 0 
<=> cosx^2cos 2 x + 3V2 sin x - 4j = 0 

<=>cosx 2^1 - sin 2 xj + 3V2 sin x - 4 =0 

<=> eos x = 0 v 2 sin 2 x - 3^¡2 sin x + 2 = 0 
cosx = 0 

V2 


<=> 


smx = 


sinx = V2(vo nghiém) 

71 ^ . V 2 . 71 

<=> x = — + k7i v sm x = — = sin — 

2 2 4 

<=> x = — + k7ivx = — + k27i v x = — + k27i(k e Z) 

2 4 4 v ' 


Bái 64 : Giái phifOng trinh: 



( 71^ 


f 71 'i 

eos 

2x + — 

+ eos 



l 4; 


l 4 J 


4 sinx = 2 + V2 (1 - sin x) (*) 


(*) o 2 eos 2x. eos — + 4 sin x = 2 + \Í2 (l - sin x) 

<=> V2 (l - 2 sin 2 xj + ^4 + V2 j sin x - 2 - \Í2 = 0 
<=> 2^2 sin 2 x — ^4 + V2 jsinx + 2 = 0 

sin x = V2 (loai) 

2 sin 2 x - ( 2 V 2 + lj sin x + V2 = 0 <=> 


77" iTT 

<=> x = —h k27i hay x =-b k27i, keZ 

6 6 


sm x = — 
2 
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Bái 65 : Giái phúdng trinh : 3 cot g 2 x + 2^2 sin 2 x = ^2 + 3^2 j eos x (*) 


Diéu kién: sinx ^ 0 <^> cosx ^ ±1 
Chia hai ve (*) cho sin 2 x ta dúde: 


... rl COS 2 X _ r- /_ _ nr\ COSX v . _ 

(*) <=> 3^^-1- 2V2 = 12 + 3V2 I—~— va smx ^ 0 

cin^ y ' ^ oin‘ y 


4 

sin x 


sin x 


eos X 

Bat t =-g— ta difdc phúdng trinh: 

sin x 


3t 2 ~ (2 + 3V2 ^ t + 2 V 2 = 0 


<=> t = V2 v t = — 

3 

* \T A' 4- 2 * ^ C0SX 

* VOi t = — ta co: 

3 


sin 2 x 


2 

3 


<=> 3 eos x = 2 (l - eos 2 xj 

<=> 2 eos 2 x + 3 eos x - 2 = 0 
cosx = -2(loai) 


<=> 


cosx = —(nhán do cosx 


<=> x = ± -^ + k27t(k e Z) 


Vdi t = V2 ta có: 


eos x 
sin 2 x 


= V2 


<=> eosX = V2(1-eos 2 xj 

<=> y¡2 eos 2 X + eos X - V 2 = 0 
-\¡2 (loai) 


<=> 


eos X = 


eos 


x = (nhán do eos x ^ ±1) 


<=> x = ± — + k27t,keZ 
4 


Bái 66 : Giái phiídng trinh: 


4 sin 2 2x + 6 sin 2 x - 9 - 3 eos 2x 
eos x 



Biéu kién: eosx^O 
Lúe dó: 

(*) <=> 4 sin 2 2x + 6 sin 2 x - 9 - 3eos 2x = 0 
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<=> 4^1 - eos 2 2x) + 3(1 - cos2x) - 9 - 3cos2x = 0 
<=> 4 eos 2 2x + 6 eos 2x + 2 = 0 


o eos 2x = -1 v eos 2x = — 

2 

o 2 eos 2 x - 1 = -1 v 2 eos 2 x — 1 = — — 

2 

cosx = 0(loai dodieu kien) 
cosx = ±^(nhán do cosx * 0) 

TT ATC 

<3- x = ±—h k27T v x = ±-h k27i(k e Z) 

3 3 


1 2 

Bái 67: Cho f (x) = sinx + — sin3x H—sin5x 
- ' ’ 3 5 

Giái phiíOng trinh: f '(x) = 0 


Ta có: f’(x) = 0 

<» eos x + eos 3x + 2 eos 5x = 0 

<=> (eos x + eos 5x) + (eos 3x + eos 5x) = 0 

<=> 2 eos 3x eos 2x + 2 eos 4x eos x = 0 

<=> ^4 eos 3 x - 3 eos xj eos 2x + ^2 eos 2 2x - lj eos x = 0 


<=> 






^4eos 2 x - 3 )eos2x + 2eos 2 2x -1 cosx = 0 

[2 (1 + eos 2x) - 3] eos 2x + 2 eos 2 2x -1 = 0 
eos x = 0 

4 eos 2 2x - eos 2x -1 = 0 
eos x = 0 


o 1 + VÍ7 n 

<» eos 2x =-v eos x = 0 

8 

o 1 + VÍ7 0 1-Vl7 _ „ 

<=> eos 2x =- : -= eos a v eos 2x =- : -= eos p v eos x = 0 


8 


8 


<=>x = ±— + k7ivx = ±— + k7i:vx = — + k7r(keZ) 
2 2 2 v ’ 


17 

Bái 68 : Giái phiídng trinh: sin 8 x + eos 8 x = —eos 2 2x(*) 


16 


Ta có: 
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•8 8 / . 4 4 \ 2 n -4 4 

sin x + eos x = I sin x + cos x -2 sin xcos x 

2 ~ ^ 1 

= (sin 2 x + eos 2 xj -2sin 2 xcos 2 x - — sin 4 2x 


( i Vi 

= 1-sin 2 2x-sin 4 2x 

l 2 J 8 

= 1 - sin 2 2x + — sin 4 2x 


Do dó: 


( i \ . 

(*) <=> 16 l-sin 2 2xH—sin 4 2x = 17 (1 - sin 2 2xJ 
v 8 ) v ' 


<s> 2 sin 4 2x + sin 2 2x - 1 = 0 
sin 2 2x =-l(loai) 

1 /. 


sirr 2x = — 


1 <=> — (1 - cos4x) = — 


<=> eos 4x = 0 x = (2k + 1) —, (k e Z) 

8 


. 5x 


Bái 69 : Giái phiídng trinh: sin — = 5 eos 3 x.sin —(*) 

2 2 


Nhán xét thay: eos — = 0 <=> x = re + k27t <=> cosx = -1 

Thay váo (*) ta diípc: 

^ 5n 'i (-¡i \ 

sin-i- 5kn =-5.sin —+ kn , khóng thóa Vk 

l2 J [2 J 

Do eos— khóng lá nghiem cüa (*) nén: 

2 

• 5x X 2 • X X v x a 

* <=> sin —. eos — = 5 eos x. sin — eos — va eos — * 0 
w 2 2 2 2 2 

1 5 x 

<=> — (sin 3x + sin 2x) = — eos 3 x. sin x vá eos — ^ 0 
2 V ’ 2 2 

O o X 

<=> 3sinx - 4sin x + 2sinxcosx = 5eos x.sinx vá eos—^0 


X A 

eos — ^ 0 
2 

3-4sin x + 2cosx = 5cos x v sinx = 0 

eos — ^ 0 
2 

o o X 

5cos x-4cos x - 2eosx + 1 = 0 v sin — = 0 

2 




Tim tai liéu Toán ? Chuyén nhó - www.toanmath.com 


cosx + -1 


(eos x - 1)^5 eos 2 x + eos x — 1 j = 0 v sin — = 0 


eos x + -1 


eos X = 1 

\ -1 + V21 

eos x =-= eos a 

10 

-1-V21 _ 

eos x =-= eos B 

10 


<=> x = k2n hay x = ±a + k2 n hay x = ±|3 + k27g (k e Z) 
Bái 70 : Giái phiídng trinh: sin2x(cotgx + tg2x) = 4 eos 2 x(*) 


Diéu kién: eos 2x^0 vá sin x + 0 <=> eos 2x ^ 0 a eos 2x + 1 

„ , , 0 cosx sin2x 

Ta co: cotgx + tg2x =-1- 

sinx cos2x 

_ eos 2x eos x + sin 2x sin x 

sinx eos 2x 


sinx eos 2x 

T , _ . ( cosx 'i . 9 

Lúe ao: (*) o2smx.cosx - =4cos x 

^ sinx eos 2x J 

eos 2 x _ 2 

<=>-= 2 eos x 

eos 2x 

<=> (eos 2x + 1) = 2 eos 2x (eos 2x + l) 

<=> (eos 2x + 1) = 0 hay 1 = 2 eos 2x 

<=> eos 2x = -1 v eos 2x = ^ (nhan do eos 2x + 0 va eos 2x * l) 

<=> 2x = n + k27t v 2x = ± — + k27t, keZ 

3 

71 71 

<=> x = —hk7ivx = ± —l- k7t, keZ 
2 6 


Bái 71 : Giái phiídng trinh: 2cos 2 ~ + l = 3cos^-(*) 


„ ... (. 12x] . A _ 2 4x 

Ta co : (*) <=> 1 + cos- +1 = 3 2cos-1 

l 5 J { 5 J 

„ , 4x „ 4x f ^ 2 4x , 

<=>2 + 4cos-3cos— = 3 2cos-1 
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4 

Bat t = eos — x(diéu kién |t| < lj 

Ta có phiídng trinh : 

4t 3 -3t + 2 = 6t 2 -3 

<=> 4t 3 -6t 2 -3t + 5 = 0 
<=> (t — 1)(4t 2 -2t-5) = 0 

, 1-V2T 1 + V 2 T , 

<=> t = 1 v t =-v t =-(loai) 

4 4 v ' ’ 

Vay 

4x , 4x 

• eos — = 1 <=> — = 2kn 

5 5 

5k7t / 1 s 

^ x = — (keZ) 

4x 1-V21 , n „ , 

• eos— =-= cosa vdi 0 < a < 2n) 

5 4 V ’ 

4x 

<=> — = ±a + E2n 
5 

. 5a £5n , , 

<^x = + — + — ,(£sZ) 



^ „ n n 

Bat t = x- <íí> x = —b t 

4 4 


f n ^ 
-h t 

4 


(*) thánh : tg 3 t = tg 

3 2tgt 
^tg 3 t = —^ 

1-tgt 

<=> tg 3 t — tg 4 t = 2tgt 

<=> tgt (tg 3 t - tg 2 t + 2 ) = 0 

<=> tgt (tgt + l)(tg 2 t — 2tgt + 2) = 0 

<=> tgt = 0 v tgt = -l(nhan so diéu kien) 

71 

<=> t = k7t v t = — + kit, k e Z 
4 


_ 1 _ l + tg* _ 1 CQS t jt 0 A tgt 1 
1-tgt 


Vay (*) 

Tí 

<=> x = — + k;r hay x = k7i,k eZ 
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Bái 73 : Giái phúdng trinh 


sin 4 2x + eos 4 2x 


tg 


71 ^ 

-X 

4 y 


tg 


TC ^ 

—+ x 

4 y 


= eos 4 4x (*) 


Diéu kién 


sin 


í n ^ f 
-x 

4 


sin 


eos 


n 

— + x 

4 


n 

-x 

4 


eos 


n 

— + x 

v4 


*0 




*0 


sin 


sin 


'*- 2:2 
v2 


f n 
— + 2x 
v2 


*0 


*0 


<=> eos 2x * 0 <=> sin 2x ^ ±1 
Do : 

_ 1 - tgx 1 + tgx 


tg 


f n 2 


(n 'i 


tg 

T + x 

U y 


U J 


1 + tgx 1 - tgx 


= 1 


Khi cos2x ^ 0 thi: 

(*) <=> sin 4 2x + eos 4 2x = eos 4 4x 

<=>1-2 sin 2 2x eos 2 2x = eos 4 4x 

<=> 1 - — sin 2 4x = eos 4 4x 
2 

<=> 1 - ^-(l - eos 2 4x) = eos 4 4x 

<=> 2 eos 4 4x - eos 2 4x -1 = 0 
eos 2 4x = 1 

l <=> 1 - sin 2 4x = 1 

eos 2 4x = - — (vo nghiém) 

<=> sin 4x = 0 

<=> 2 sin 2x eos 2x = 0 

<=> sin2x = 0(do cos2x ^ 0) 

n 

<=> 2x = kn,keZ<=>x = k —, k e Z 

2 


Bai_74 :Giái phúdng trinh: 48- 


1 


eos 4 x sin 2 x 


(l + cotg2xcot gx) = 0(*) 


Diéu kién : sin2x * 0 
Ta có : 

, _ , cos2x cosx 

1 + cot g2x cot gx = 1 + — 


sin2x sinx 
sin 2x sin x + eos 2x eos x 


sin x sin 2 x 
cosx 1 


2sin 2 xcosx 2sin 2 x 
1 1 =0 


(do cosx * 0) 


eos 4 x sin 4 x 


Lúe dó (*) <=> 48 
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AO 1 1 
<=> 48 =-— + 


_ sin 4 x + eos 4 x 
eos 4 x sin 4 x sin 4 x eos 4 x 
<=> 48 sin 4 x eos 4 x = sin 4 x + eos 4 x 

<=> 3 sin 4 2x = 1 - 2 sin 2 x eos 2 x 

<=> 3 sin 4 2x +—sin 2 2x -1 = 0 
2 


<=> 


sin 2 x = - — (loai) 
sin 2 x = ^-(nhan do ^ 0) 


<=> ^(l-cos4x) = ^ 

<=> cos4x = 0 

. n , 

<=> 4x = — + kft 
2 

n kn,, ^ 
<=> x = —+ — ke Z) 
8 4 V ’ 


Bái 75 : Giái phirong trinh 


sin 8 x + eos 8 x = 2 (sin 10 x + eos 10 x) + - eos 2x (*) 


Ta có : (*) 


<=> (sin 8 x-2sin 10 x) + (cos 8 x-2cos 10 x) = —cos2x 
sin 8 x(l-2sin 2 x)-cos 8 x(-l + 2cos 2 x) = —cos2x 


<=> sin 8 x.cos2x -eos 8 xcos2x = —cos2x 


<=> 4cos2x(sin 8 x-eos 8 x) = 5cos2x 

<=>cos2x = 0 hay 4 (sin 8 x-cos 8 x) = 5 

<=>cos2x = 0 hay 4(sin 4 x - eos 4 x)(sin 4 x + eos 4 x) = 5 

1 


<=>cos2x = 0 hay 4 1-sin 2x 

v 2 


= 5 


<=>cos2x = 0 hay-2sin 2 2x =l(Vó nghiém) 

<=> 2x = — + kn, k e Z 
2 

n k^ 1 „ 

<=> x = —i-,keZ 

4 2 

Cách khác : Ta có 4(sin 8 x-cos 8 x) = 5 vó nghiém 
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Vi (sin 8 x-cos 8 x) < l,Vx nén 4(sin 8 x - eos 8 x) < 4< 5, Vx 

Ghi chú : Khi gap phúdng trinh lifdng giác dang R(tgx, cotgx, sin2x, cos2x, tg2x) 
vdi R hám hufu ty thi dat t = tgx 

1-t 2 


Lúe dó tg2x = ^ 2 ,sin2x = ^ 


1-t 2 


1 + t 


2 ’ 


cos2x = 


1 + t 2 


Bái 76 : (De thi tuyén sinh Bai hoc khól A, nám 2003) 
Giái phiídng trinh 

cot gx - 1 = C ° S + sin 2 x - — sin 2x (*) 

1 + tgx 2 W 


Diéu kién : sin2x + Ova tgx + -1 
Dat t = tgx thi (*) thánh : 


1-t 2 


1 1 + t 2 

t 


1 

1 + t + 2 


1 - 


1-t 2 
1 + t 2 


2t 




1-t 1 2t 2 

• + —.- 


<=> 


1-t __ 

t _ 1 + t 2 ' 2'1 + t 2 
1 - t _ t 2 - 2t + 1 _ (1 - t) 


1 + t : 

2 


2 1 + t 2 


(dot + -1) 


t 1 + t 2 
<=>(1- t)(l + t 2 ) = (l-t) 2 t 


1 + t 2 

2 




l-t = 0 


1 + t 2 =(l-t)t 




t = 1 (nhán do t + -1) 

2t 2 -1 + 1 = 0(vó nghiem) 


Váy (*) <+> tgx = lox = ^ + k (nhán do sin2x = 1 + 0) 


Bái 77 : Giái phúdng trinh: sin 2x + 2tgx = 3 (*) 


Diéu kién : cosx + 0 
Dat t = tgx thi (*) thánh : 


2t 


+ 2t = 3 


1 + t 2 

<=> 2t + (2t - 3) (l + t 2 ) = 0 
<» 2t 3 - 3t 2 + 4t - 3 = 0 
<=> (t -1) (2t 2 -1 + 3) = 0 
"t = 1 


<=> 


2t 2 - t + 3 = 0 (vo nghiem) 
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= 1 (dot*0) 

<=> t 2 = 3 <=> t = +V3 (nhán do t * 0) 

( n \ 

Vay (*) <i> tgx = tg ± — 

V o) 




Ta có (*) 2 eos 2 x - (2m + 1) eos x + m = 0 
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<=>í 




t = eos X ([t] < l) 

2t 2 - (2m + 1) t + m = 0 

t = eos x ([t] < l) 

, 1 , 
t = — vt = m 

2 


a/ Khi m = — , phiídng trinh thánh 
2 

1 3 n 

eos x = — v eos x = — loai 

2 2 V ' ’ 

<=> x = + k27t(k g Z) 


b/ Khi x e 


n 3n 

2’Y 


thi cosx = t e [-1,0) 


Do t = — £ [-1,0] nén 
2 


(*) có nghiém tren 


n 3n 

2’Y 


<^> m e - 


[- 1 . 0 ) 



Bái 81 : Cho phiídng trinh 

(eos x + 1) (eos 2x - m eos x) = m sin 2 x (*) 

a/ Giái (*) khi m= -2 


b/ Tim m sao cho (*) có dúng hai nghiém trén 


o,— 

3 


Ta có (*) <=> (eos x + 1)(2 eos 2 x -1 - m eos x) = m (i - eos 2 x) 

<=>(cosx + l)[2cos 2 x -1 - meosx - m(l - cosx)] = 0 

<=>(cosx + l)(2cos 2 x -1 - m) = 0 
a/ Khi m = -2 thi (*) thánh : 

(eos x + 1) (2 eos 2 x + l) = 0 

<=> cosx = -1 
<=> x = n + k27t(k g Z) 

b / Khi x g 


ta chí tim difOc duy nhát mót x trén 


27T 

thi eos X = t G 

1 

0 ,— 

—,1 

L 3 _ 


2 



Nhán xét rang vói mói t trén 


0 ,^ 

3 


-b 1 


Yéu cáu bái toán <^>2t 2 -1 - m = 0 có dúng hai nghiém trén 


-i 1 
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Xét y = 2t 2 - 1(P) va y = m(d) 



Váy (*) có ddng hai nghiém tren 


o,— 

3 


<=> (d) cat (P) tai hai diém phán biét tren 


-i 1 


<t> -1 < m < — 

2 


Bái 82 : Cho phiídng trinh ( 1 - a) tg 2 x- + 1 + 3a = 0(1) 

cosx 

a/ Giái (1) khi a = — 

2 

( n^ 

b/ Tim a dé (1) có nhiéu hdn mót nghiém trén 0, — 

V 

Diéu kién : eosx^0<»x^ — + k.7t 

2 

(1) <=> (1 - a) sin 2 x - 2 eos x + (1 + 3a) eos 2 x = 0 
<=> (1 - a) (l - eos 2 x) - 2 eos x + (1 + 3a) eos 2 x = 0 
<=> 4a eos 2 x - 2 eos x + 1 - a = 0 
<=> a (4 eos 2 x — l) - (2 eos x -1) = 0 
<=> (2 eos x -1) [a (2 eos x +1) -1] = 0 


a/ Khi a = — thi (1) thánh : (2cosx - l)f cosx - — 
2 V 2y 

1 Tí 

<=>cosx = — = eos —(nhándocosx ^ 0) 

2 3 

<=>x = ±^- + k27t(k e Z) 


= 0 


b/ Khi x e 


ó 7t;X 


0,— thi cosx = t e (0,1) 

v 2 ) 
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Ta có : (1) <=> 


cosx = t = — G (0,1) 

2 

2a cosx = 1 - a(2) 


Yéu cáu bái toán <=> (2) có nghiém trén (0,1) \ | — > <=> 


a ^ 0 

n 1 -a i 

0 <-< 1 

2a 

1 - a 1 
2a * 2 




a^O 
1 - a 
2a 

1 - 3a 


> 0 
<0 




2a 

[2(1 - a) * 2a 
Cách khác : dát u = 


0 < a < 1 

n 1 

a<0va>-o^ 

3 

1 

a * — 

2 


— < a < 1 

3 

1 

a * — 

2 


1 


cosx 


diéu kién u> 1; pt thánh 


(1 - a) (u 2 - 1) - 2u + 1 + 3a = 0 <=> (1 - a) u 2 - 2u + 4a = 0 
<=> (u - 2) [ (1 - a)u - 2a ] = 0 


Bai_83 : Cho phiídng trinh : cos4x + 6sinxcosx = m(l) 
a/ Giái (1) khi m = 1 


b/ Tim m dé (1) có hai nghiém phán biét trén 


0, 


n 


Ta có : (1) <=> 1 - 2 sin 2 2x + 3sin2x = m 
t = sin2x(|t| < l) 

2t 2 - 3t + m -1 = 0(2) 
a/ Khi m = 1 thi (1) thánh 


e>< 


t = sin2x(|t| < l) 
2t 2 - 3t = 0 




t = sin2x(|t| < l) 
t = 0 v t = ^(loai) 


•tí>sin2x = 0 <=> x = 


ka: 


b/ Khi x e 


n 




thi sin 2x = t e [0, l] 


Nhán tháy rang mói t tim difOc trén [0,1] ta chí tim diípc duy nhát mót 


x e 




Ta có : (2) -2t 2 + 3t + 1 = m 

Xét y = -2t 2 + 3t + 1 trén [0,1] 
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Thi y' = -4t + 3 



Yéu cáu bái toán <=> (d) y = m cat tai hai diém phán biét tren [0,1] 
17 

<»2 < m < — 

8 


Cách khác :dát f(x) = 2t 2 - 3t + m -1. Vi a = 2 > 0, nén ta có 

A=17 — 8m > 0 
/ (0) = 772-l>0 


Yéu cáu bái toán <=> 


17 

/( 1 ) =» í - 2>0 «2 < m < — 

O 

_ S 3 , 

0 < —= — <1 

2 4 


Bái 84 : Cho phiftfng trinh 

4 eos 5 x.sinx - 4 sin 5 xcosx = sin 2 4x + m(l) 

a/ Biét rang x = n la nghiém cüa (1). Hay giái (1) trong triídng hdp dó. 

b/ Cho bié't x = la mot nghiém cüa (1). Hay tim tát cá nghiém cüa (1) thóa 

8 

x 4 - 3x 2 + 2 < 0 _ 

(1) <=> 4 sin xcosx [eos 4 x - sin 4 x) = sin 2 4x + m 

<=>2sin2x(cos 2 x - sin 2 x)(cos 2 x + sin 2 x) = sin 2 4x + m 

<=> 2 sin 2x. eos 2x = sin 2 4x + m 

<=> sin 2 4x - sin 4x + m = 0 (1) 


a/ x = n la nghiém cüa (1) =>sin 2 4 tc - sin47i + m = 0 
^>m = 0 

Lüc dó (1) <»sin4x(l - sin4x) = 0 
<=> sin 4x = 0 v sin 4x = 1 

71 

<=> 4x = k7T v 4x = — h k27T 

2 

kn 7i: kíi: 

x = — v x = —l- (k g Z) 

4 8 2 v ’ 

4 9 ít = X 2 > 0 í 

b/ x - 3x + 2 < 0 <=> ] <=> \ 

[t 2 - 3t + 2 < 0 ( 


t = x 2 > 0 
1 < t < 2 
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<=>1<x 2 <2<=>1<|x|<V2 

<=>-V2<x<-lvl<x<V2(*) 

x = — — thi sin4x = siní-—I =-1 

8 l 2 J 

JC 

x = — la nghiem cua (1) => 1 + 1 + m = O 
8 

^>m = -2 

Lúe dó (1) thánh : sin 2 4x - sin4x -2 = 0 
ít = sin4x(vói|t| < l) 

^|t 2 -t-2 = 0 

ít = sin4x(vói|t| < l) 
jt = -1 v t = 2(loai) 

<=>sin4x = -1 

<=>4x = - — + k27T 
2 

n kn 

<=>x = -+ — 

8 2 

Ket hdp vdi diéu kién (*) suy ra k = 1 

7T TT íTT 

Váy (1) có nghiem x =-1— = — thóa x 4 - 3x 2 + 2 < O 

_ & ' _ 8 2 8 _ 

Bái 85 : Tim a de hai phúcfng trinh sau túcíng difeíng 

2cosx.cos2x = 1 + cos2x + cos3x (1) 

4 eos 2 x - eos 3x = a eos x + (4 - a) (1 + eos 2x) (2) 


Ta có : (1) <=>cos3x + cosx = 1 + cos2x + cos3x 
<=> eos X = 1 + ^2 eos 2 x -1) 

<=>cosx(l - 2cosx) = 0 


<=> eos x = 0 v eos x = — 

2 


Ta có : (2) <=> 4 eos 2 x - (4 eos 3 x - 3 eos x j = a eos x + (4 - a) 2 eos 2 x 
<=> 4 eos 3 x + (4 - 2a) eos 2 x (a - 3) eos x = 0 


eos x = 0 


4 eos 2 x + 2 (2 - a) eos x + a - 3 = 0 


<=> eos x = 0 hay j^cos x — —J [2 eos x + 3 - a] = 0 

n 1 a “ 3 

<=> eos X = 0 v eos X = — v eos X = - 

2 2 
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Váy yéu cáu bái toán 

— = 0 


<=> 


a - 3 _ 1 
~ 2 


2 

a - 3 


<=> 


i & — 3 1 

< -1 v-> 1 


a = 3 
a = 4 

a < 1 v a > 5 


Bái 86 : Cho phiídng trinh : cos4x = cos 2 3x + asin 2 x (*) 

a/ Giái phiíctng tri nh khi a = 1 

b/ Tim a dé (*) có nghiém tren 

f n y 

o,— 

l 12 J 



1 el 

Ta có : (*) cos4x = —(1 + cos6x) + — (1 - cos2x) 

2 2 

<=> 2^2cos 2 2x - lj = 1 + 4cos 3 2x - 3cos2x + a(l - cos2x) 
t = cos2x (|t| < l) 

2(2t 2 -l) = l + 4t 3 -3t + a(l-t) 
t = cos2x (|t| < l) 

-4t 3 + 4t 2 + 3t - 3 = a (1 -1) 

1 = cos2x (|t| < l) 

(t - l)(-4t 2 + 3) = a(l -1) (* *) 

a/ Khi a = 1 thi (*) thánh : 
t = cos2x (|t|<l) Jt = cos2x (|t|<l) 
(t-l)(-4t 2 +4) = 0^{t = ±l 
<=> eos 2x = ±1 <=> eos 2 2x = 1 

k;t 


<=> < 


<=> < 


<=> < 


K TT 

<=> sin 2x = 0 <=> 2x = ku <=> x = — ,(keZ) 

2 


( n ^ 


( 

o,— 

»2xe 

0 ,- 

{ 12 j 


l 6 J 


b/ Ta có : x e 

Váy (**) <=> (t-1) (-4t 2 + 3) = a (1 -1) 
<=> 4t 2 - 3 = a (do t * 1) 


V3 


Xét y = 4t 2 - 3 (P) tren 
=> y' = 8t > 0 Vt e 


v 2 ’ y 

/ nz \ 


Ai 

2 



v 
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1. 


( K \ 

Do dó (*) có nghiém trén 0,— <=> (d): y = a cát (P)trén 

v 


2 


<=> y 


'VT 

V 2 7 


< a < y (1) 


<=> 0 < a < 1 


Giái các phifcfng trinh sau : 
a/ sin4x = tgx 

u/ „:„4 


BAITAP 


• 4 

f 

• 4 

f 71^) 

x + sin x 

x + — 

+ sm 

X- 


l 4; 


l 4 J 


9 

8 


c/ tgx + cot gx = 4 

sin x (3y2 - 2 eos x) - 2 sin 2 x - 1 

d/-4- L -= 1 

1 - sin 2x 

e/ 4 eos 4 x + 3\/2 sin 2x = 8 eos x 

1 1 9 

f/ 


cosx sin2x sin4x 


g/ sin 2x + V2 sin 


^ 7T ^ 
X- 

4 


= 1 


h/ V2 (2 sin x - 1) = 4 (sin x - 1) - eos 

k/ eos— = eos x 
3 

1/ tg —. eos x + sin 2x = 0 
2 

m/ 1 + 3tgx = 2 sin 2x 

n/ cot gx = tgx + 2tg2x 

, n 2 3x n 4x 
p/ 2 eos — + 1 = 3 eos — 

5 5 

q/ 3cos4x - 2 eos 2 3x = 1 
3x 

Y 


4 7^^ 

2x + — 
4 


- sm 


2x + — 
4 


r/ 2 eos 2 — + 1 = 3 eos 2x 


s/ cosx + tg — = 1 
2 

t/ 3tg2x - 4tg3x = tg 2 3x.tg2x 

u/ eos x. eos 4x + eos 2x. eos 3x + eos 2 4x = 


OO o n 3 

v/ eos x + eos 2x + eos 3x + eos 4x = — 


w/ sin 4x = tgx 
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, « . R 13 2 

x/ eos x + sin x = — eos 2x 

8 



( 3ti 

x^ 

1 • i 

( n 

3x^i 

sin 

— 

— 

= - sin 

— + — 


Uo 

2; 

2 1 

ao 

2 ) 


sin x + cos b x = a sin 2x ( 1 ) 
a/ Giái phiídng trinh khi a = 1. 

b/ Tim a de (1) có nghiem 
Cho phiídng trinh 

= 2mtg2x (1) 


(DS : a > —) 
11 4 


eos 6 x + sin 6 x 
eos 2 x - sin 2 x 
a/ Giái phiídng trinh khi m = 

8 

b/ Tim m sao cho (1) có nghiem 

Tim m de phiídng trinh 

sin 4x = mtgx có nghiem x ^ k.n 


(DS : |m > -) 
I I 8 


( 1 3 

DS :— < m < 4 

l 2 J 


Tim m de phiídng trinh : 
eos 3x - eos 2x + m eos x -1 = 0 

f n ^ 

có dúng 7 nghiem trén-, 2 tt: 

V 2 

Tim m dé phiídng trinh : 

4 (sin 4 x + eos 4 x) - 4 (sin 6 x + eos 6 x) - sin 2 4x = m có nghiem 


(DS :1 < m < 3) 


ó i ó 

DS : - — < m < 1 


v 


8 


J 


Cho phiídng trinh : 

6 sin x-sm x = meos 2x 
a/ Giái phiídng trinh khi m = 3 
b/ Tim m dé (1) có nghiem 

Tim m dé phiídng trinh : 


( 1 ) 


(DS :m > 0) 


m 


sin x + eos 4x H-sin 4x - 

4 4 

có hai nghiem phán biet trén 


(2m + i) 2 


sin x = O 


Ck 


4 2 


DS :2>/5-4 < m < - 
2y 


Tim m dé phiídng trinh : 

L (sil 


sin 6 x + eos 6 x = mísin 4 x + eos 4 x 


) có nghiem 
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f 1 
BS:- 
2 


10. Cho phircfng trinh : 

eos 4x = eos 2 3x + a sin 2 x 

f n A 

Tim a de plnfOng trinh có nghiem x e 0,— 

V % 


(BS:0 


A 

< m < 1 

J 


< a < 1) 
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CHÜCÍNG IV 

PHÜCÍNG TRINH BÁC NHAT THE O SIN VA COSIN 


PHÜOÍNG TRINH CO DIÉN 


asinu + bcosu = c(*).(a,b e R \ |0|) 

Cách 1 : Chia 2 ve phifdng trinh cho Va 2 + b 2 ^ 0 
ci b 

Dát cosa = , va sin a = , vói a e í 0, 2 tt:1 

JyT¥ 4^4 i? 


Thi (*) <=> sin u eos a + eos u sin a = 


/a 2 + b^ 


<=> sin(u + a) = , 

' 44FT4 1 

Cách 2 : 

Neu u = ti + k27i la nghiem cüa (*) thi : 
a sin k + b eos n - c <=> -b = c 

Neu u ^ k + k27i dát t = tg — thi (*) thánh : 

2 

2 t , 1 - t 2 

a- 5 - + b- 5 - = c 

1 +1 2 1 +1 2 

<=> (b + c) t 2 - 2 at + c - b = 0 ( 1 ) (vái b + c * 0 ) 

PhiíOng trinh có nghiem <=> A' = a 2 - (c + b)(c - b) > 0 

<=> a 2 > c 2 - b 2 <=> a 2 + b 2 > c 2 

Giái phitdng trinh (1) tim di¿dc t. Tit t = tg— ta tim á\Xúc u. 

2 


f 2n 07X ^ i — 

Bái 87 : Tim x e —,— thóa phitdng trinh : cos7x - v3 sin7x = 

_ V 5 7 ) _ 

Chia hai ve cüa (*) cho 2 ta dtfpc : 

í'*\ 1 r 7 v/3 • rj V2 

* <» — eos 7x-sin 7x =- 

w 2 2 2 

• 7r _ n . _ V2 

<=> - sm — eos 7x + eos — sin 7x = — 


-V2 (*) 



■ r, 71 . n 

<=> sm 7x-= sm — 


<=> 7x - — = — + k27t hay 7x - — = — + h2ít, (k,heZ) 
6 4 6 4 v ’ 

5n k27i .. 11 tc h2jc , 

<=> x = — h -hay x =- -i -, k.heZ 

84 7 84 7 

^ f 2n 671^1 „ ,. , 

Do xe —,— nen ta phai co : 
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2tí 5tí k2jt 6n , 2 tí 11tí h27r 6rc ,, , , 

— < — h-< — hay — <-h-< — ( k, h e Z) 

5 84 7 7 5 84 7 7 

2 5 k2 6 , 2 11 h2 6 n 

5 84 7 7 5 84 7 7 

Suy ra k = 2, h = 1,2 

5n 4n 53 llrc 2n 35 

Vay x = — + — = — n v x = -h-= — n 

84 7 84 84 7 84 

1 Itt: 4n 59 

v x =- 1 -= —n 

84 7 84 


Bái 88 : Giái phiídng trinh 

3 sin 3x-y¡3 eos 9x = 1 + 4 sin 3 3x (*) 


Ta có : (*) <=> (3 sin 3x - 4 sin 3 3x) - V3 eos 9x = 1 
<=> sin 9x - V3 eos 9x = 1 


1 • q >/3 Q 1 

<=> — sin 9x-eos 9x = — 

2 2 2 


<=> sin 


f n \ 

9x - — 

v 3 y 


1 . n 

= — = sin — 

2 6 


tí 5n 


<» 9x - — = — + k2rc hay 9x - — = — + k2n, k e Z 
3 6 3 6 

tí k2n , 7 71 k27i , 

<=> x = — H-hay x = — h- ,k eZ 

18 9 54 9 


Bái 89 : Giái phiídng trinh 




( 1 ^ 

= 0(«) 

tgx - sin 2 x - eos 2 x + 2 

2 cosx- 

y cosxy 



Diéu kién : cosx ^ 0 

Lúc dó : (*)<=> S ^ nX - sin 2x - eos 2x + 4 eos x-—— = 0 

cosx cosx 

<=> sin x - sin 2x eos x - eos x eos 2x + 4 eos 2 x - 2 = 0 

<=> sin x ^1 — 2 eos 2 xj - eos x eos 2 x + 2 eos 2 x = 0 

<=> - sin x eos 2 x - eos x eos 2 x + 2 eos 2 x = 0 
<=> c os 2 x = 0 hay - sin x - eos x + 2 = 0 

cos2x = 0(nhán do cos2x = 2eos 2 x-l = 0 thicosx^O j 
sinx + cosx = 2 ^vo nghiem vi 1 2 + 1 2 < 2 2 ) 


<=> 


<=> 2x = (2k + l)-,keZ 
2 

tí kíi , _ 

<=> x = —l-, keZ 

4 2 
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la i 

Bái 90 : Giái phúdng trinh 8sinx =-1— : -(*) 


cosx smx 


Diéu kién : sin2x ^ 0 

Lúe dó (*) 8sin 2 xeos x = V3 sin x + eos x 

<=> 4 (1 - eos 2x) eos x = V3 sin x + eos x 

-4 eos 2x eos x = V3 sin x - 3 eos x 
<=> -2 (eos 3x + eos x) = y¡3 sin x - 3 eos x 

Q V3 . 1 

<=> eos 3x =-sin x + — cosx 

2 2 


<=> eos 3x = eos 


( n^ 

x + — 
3 


3x = x + — + k27i v 3x = -x - — + k27i 
3 3 

71 i 71 kn , 

o x = —bk7ivx =-1-, k e L 

6 12 2 

Nhan so vdidiéu kién sin2x ^ 0 
Cách khác : 

(*) <^> 8sin 2 xeos x = V3 sin x + eos x 

( hié’n nhién cosx = 0 hay sinx = 0 khóng la nghiém cúa pt náy ) 

<» 8( 1 - eos 2 x) eos x = V3 sin x + eos x 

8 eos x - 8 eos 3 x-\Í3 sin x + eos x 

6 eos x - 8 eos 3 x = V3 sin x - eos x 

,3o 1 V3 . 

<=> 4 eos x - 3 eos x = — eos x-sin x 


<=> eos 3x = eos 


( 71 ^ 

X + — 

3 


3x = x + — + k27i v 3x = -x - — + k27i 


71 


71 k7I 


<=> x = —b k7t v x =-1-, ke Z 

6 12 2 


Bái 91 : Giái phúdng trinh 

9 sin x + 6 eos x - 3 sin 2x + eos 2x = 8 (*) 

Ta có : (*)<=> 9 sinx + 6 cosx - 6 sinx eos x + (l - 2 sin 2 x) = 8 

<=> 6 eos x - 6 sin x eos x - 2 sin 2 x + 9 sin x - 7 = O 


<=> 6 eos x (1 - sin x) - 2 (sin x - 1) 


f 




sin x- 


v 


= 0 


•J 
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<=> 1 - sin x = O hay 6 eos x + 2 j^sin x - — J = 0 
sin x = 1 

6 eos x + 2 sin x = 7 (vó nghiem do 6 2 + 2 2 < 7 2 j 
<=> x = — + k2;i: , k e Z 

_ 2 _ 

Bái 92 : Giái phiídng trinh: sin2x + 2cos2x = 1 + sinx - 4cosx(*) 

Ta có : (*) <=> 2 sinx eos x + 2 ^2 eos 2 x - lj = 1 + sinx - 4cosx 
<=> 2 sin x eos x - sin x + 4 eos 2 x + 4 eos x - 3 = 0 

o ■ í 1 ) A f IV 3^ _ 

V ^ 2 J 2 y 

<=> eos x - — = 0 hay 2 sin x + 4 eos x + 6 = 0 ^vó nghiem do 2 2 + 4 2 < 6 2 j 


x = ± — + k2n 
3 


Bái 93 : Giái phiídng trinh 

2 sin 2x - eos 2x = 7 sin x + 2 eos x - 4 (*) 

Ta có : (*) <=> 4sinxeosx - (l - 2sin 2 xj = 7sinx + 2cosx - 4 

<=> 2 eos x (2 sin x - 1) + 2 sin 2 x - 7 sin x + 3 = 0 


<=> 2 eos x (2 sin x - 1 ) + 2 j^sin x - — J (sin x - 3) 

<=> 2 eos x (2 sin x - 1) + (2 sin x - 1) (sin x - 3) = 0 

<=> 2 sin x - 1 = 0 hay 2 eos x + sin x - 3 = 0 (vó nghiem vi l 2 + 2 2 < 3 2 j 
<=> x = — + k27t v x = — + k27t, k e Z 


Bái 94 : Giái phiídng trinh 

sin 2x - eos 2x = 3 sin x + eos x - 2 (*) 

Ta có (*) <=> 2 sinx eos x - (l - 2 sin 2 xj = 3 sinx + cosx - 2 
<=> eos x (2 sin x - 1) + 2 sin 2 x - 3 sin x + 1 = 0 
<=> eos x (2 sin x - 1) + (sin x - 1) (2 sin x - 1 ) = 0 
<=> 2 sin x - 1 = 0 hay eos x + sin x -1 = 0 

<=> sin x = — hay \Í2 eos x í x - —1 = 1 

2 l 4 
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<=> x = — + k2ti v x = — + k2n hay x - — = ± — + k2n, keZ 
6 6 4 4 

TT TT / tt 

<=> x = — + k2n v x =-b k2ti hay x = — + k2n v x = k2n, keZ 

6 6 2 


Bái 95 : Giái phiícfng trinh 

(sin2x + V3 cos2x) 

2 

| - 5 = eos 

f 71^ 

2x - — 

V 6 J 

(*) 


Dát t = sin2x + 4s cos2x, Diéu kién -4a 2 +h 7 = -2 < t <2=4a 2 +b 2 



Í1 . „ V3 „ ' 


f 71 ^ 

Thi t = 2 


= 2 eos 

2x- 


l 2 2 J 


l 6j 


Váy (*) thánh: 

t 2 -5 = — <=>2t 2 -t-10 = 0<=>t = — (loai) v t = -2 
2 2 


Do dó (*) o eos 


f n A 

2x - — 

v 6; 


= -1 


<=> 2x - — = n + k2n <^> x = — + kn 

6 12 


Bái 96 : Giái phiícfng trinh 2eos 3 x + cos2x + sinx = 0(*) 


Ta có (*) 2cos 3 x + 2cos 2 x-l + sinx = 0 

<=> 2eos 2 x(cosx +l) -1 + sinx = 0 

<=> 2(^1 -sin 2 x) (1 + eos x)-(l-sinx) = 0 

<» l-sinx = 0 hay 2(1 + sinx)(l + eosx)-1 = 0 

<=> 1 - sin x = 0 hay 1 + 2 sin x eos x + 2(sin x + eos x) = 0 

<=> 1 - sin x = 0 hay (sin x + eos x ) 2 + 2(sin x + eos x) = 0 

sinx = 1 hay sinx + cosx = 0 hay sinx + cosx + 2 = o(vó nghiem do: l 2 + l 2 < 2 2 ) 

n Tt 

O sinx = 1 haytgx = -l <=> x = —+ k2 n hay x = - — + k27t, k e Z 


Bái 97 : Giái phu’Ong trinh l + cotg2x = -—^^(*) 

sin 2x 


Diéu kién : sin2x ^ 0 cos2x ^ ±1 
Ta có (*) 

, . l-cos2x 1 

<=> 1 + cot g2x =---=- 

l-cos“2x l + cos2x 


<=> cotg2x =-1 

l + cos2x 

cos2x -cos2x 

<=>-=- 

sin2x l + cos2x 
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cos2x = 0(nhán do ^ ±1) 
1 -1 


_sin2x l + cos2x 
<=> cos2x = 0 v 1 + cos2x = -sin2x 
<=> eos 2x = 0 v sin 2x + eos 2x = -1 


f n^ 

1 

( 

2x H— 

= —-¡= = sin 


l 4; 

V2 

C 4 , 


<=> cos2x = 0 v sin 


<=>2x = — + krcv2x + — = - — + k27t v 2x + — = — + k27t, keZ 
2 4 4 4 4 

<=> x = ^ + — vx==--^- + k7tv2x = 7i; + k27t (loai), k e Z 
n kTt 

<=> x = —l-, keZ 

4 2 


Bái 98 : Giái phiícfng trinh 4(sin 4 x + cos 4 xj + y/3 sin4x = 2(*) 


Ta có : (*) 


<=> 4 
<^4 


(sin 2 x + eos 2 x) -2sin 2 xcos 2 x +V3sin4x = 2 


1- —sin 2 2x 
2 


+ y¡3 sin4x = 2 


<=> eos 4x + V3 sin 4x = -1 

1 , y/3 . . 1 

<=> — cos4xh -sin4x = — 

2 2 2 


<=> eos 


( n ^ 

4x- 


v 


= cos- 


2n 




n 2 n 

<=> 4x - — = ± —- + k27r 
3 3 


<=> 4x = n + k2n hay 4x = 


n 

3 


+ k 27 r,k e Z 


TC TC TC TC 

^>x = - + k- hay x = - — + k-,k eZ 
4 2 12 2 

Cách khác : 

(*) <=> 2(l-sin 2 2x^ + V3 sin4x = 0 
<=> 2 eos 2 2x + 2 y/3 sin 2x eos 2x = 0 
<=> eos 2x = 0 v eos 2x + sin 2x = 0 

<=> eos 2x = 0 v cot g2x = -y/3 

<=> 2x = — + k7t v 2x = - — + k7t, keZ 
2 6 

tt: kíT ic kn . _ 

<=> x = —l-v x =-1-, k e Z 

4 2 12 2 




Tim tai liéu Toán ? Chuyén nhó - www.toanmath.com 


Bái 99 : Giái phiícíng trinh 


1 + sin 3 2x + eos 3 2x = — sin 4x (*) 
2 V ’ 


Ta có (*)<=> l + (sin2x + cos2x)(l-sin2xcos2x) = ^-sin4x 
<=> 1 - ^-sin4x + (sin2x + cos2x) j\ - ^-sin4x j = 0 

<=> 1 -^-sin4x =0 hay 1 + sin2x + cos2x = 0 

sin4x = 2(loai) 
sin2x + cos2x = -1 

<=> ■ N /2sin(2x + -^-) = -1 


n 


<=> sin 2x + — 

l 4y 


= sin(-^) 
4 


<=> 


_ 71 71 - _ 

2x H-=-h k27T 

4 4 

_ tt: 5tt , ^ 

2x H-=-b k27T 

4 4 


(k <= Z) 


<=> x = - — + k7t v x = — + k7x, keZ 
4 2 


Bái 100 : Giái pheTOng trinh 

tgx - 3 cot gx = 4 ^sin x + y¡3 eos x j(*) 

. f sin x ^ 0 

Diéu kién < <=>sin2x;¿0 

[cosx^O 

T , ... sinx cosx j . r- \ 

Lúe do : (*) <=>-3-= 4 sinx + V3cosx 

cosx sinx ' ' 


<=> sin 2 x - 3 eos 2 x = 4 sin x eos x ^sin x + y¡3 eos x j 
<=> |sinx +V3 cosxj^sinx-V3 cosx -2sin2xj = 0 


<=> 


sinx 




cosx 


1 - V3 

—sinx-cosx = sin2x 

2 2 


<=> 


tgX = -y ¡3 = tg 




sin 


^ n 3 

x- 

v 3y 


V 3 j 

= sin 2x 


71 71 71 

<=> x =-b k7t v x-= 2x + k27tvx-= 7t - 2x + k27t, keZ 

3 3 3 
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<=> X = 


n , n 4n k2n 

— + K7i: v x = -- k2n v x =- b -,ke Z 


7T 4tt V 9t r 

<=> x =- 1- kTt v x =- 1 -(nhán do sin2x ^ 0) 

3 9 3 v ' ’ 


Bái 101 : Giái phifdng trinh sin 3 x + eos 3 x = sin x - eos x (*) 

Ta có : (*) sin 3 x -sinx +eos 3 x +cosx = 0 

<=> sinx(sin 2 x -l) + eos 3 x + cosx = 0 

<=> -sinxeos 2 x + eos 3 x + cosx = 0 
<=> eos x = 0 hay - sin x eos x + eos 2 x +1 = 0 
cosx = 0 

<=3> , , 

-sin2x + cos2x = -3(vó nghiém do 1 +1 < 9) 

<=> x = (2k + l)^,keZ 


Bái 102 : Giái plnfOng trinh 


eos 4 x + sin 4 


( 7^3 

x + — 

V 4y 



1 ,, 

Ta có : (*) O —(1 + eos 
4 v 

<=> (1 + cos2x)" + (l + sin2x)~ = 1 
<=> eos 2x + sin 2x = -1 


n.2 1 



4 71 7 

) + — 

1- 

eos 

2x H- 

; 4 



l 2J\ 


<=> eos 


Zc-T 

4 


1 3n 

—¡= = eos — 
V2 4 


<=> 2x - — = ± —+ k27t 
4 4 

<=> x = — + k7rvx =-bk7r, keZ 

2 4 


1 

4 


Bái 103 : Giáiphifdng trinh 4sin 3 x.cos3x + 4cos 3 x.sin3x + 3\/3 cos4x = 3(*) 

Ta có : (*) 

<» 4sin 3 x(4cos 3 x- 3cosx) + 4eos 3 x(3sinx -4sin 3 x) + 3V3 cos4x = 3 
<» -12sin 3 xcosx + 12sinxcos 3 x + 3V3cos4x = 3 
4sin xcosx (-sin 2 x + cos 2 x) + V3cos4x = 1 

<=> 2 sin 2x. eos 2x + V3 eos 4x = 1 

. n 
sin — 

2 

-—cos4x = 1 

n 

eos — 

3 


<=> sin 4x + 
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• 71 . 71 . n 

<=> sin 4x. eos—bsin —cos4x = eos — 
3 3 3 


<=> sin 


4x + — 


v 




. n 
= sin — 
6 


. 71 71 , 71 571 

<=> 4x + — = — + k27i v 4x + — =-h k27t, keZ 

3 6 3 6 

7i kn it kjt , _ 

<=> x =-1-v x = —l-, k € Z 

24 2 8 2 


Bái 104 : Cho phifcíng trinh : 2sin 2 x -sinxcosx-eos 2 x = m(*) 

a/ Tim m sao cho phifctag trinh có nghiém 
b/ Giái phifdng trinh khi m = -1 


Ta có : (*) <=> (l-cos2x)-^-sin2x-^-(l + cos2x) = 

<=> sin 2x + 3 eos 2x = -2m +1 
a/(*) có nghiém -»a 2 +b 2 >c 2 
^l + 9>(l-2m) 2 

<=> 4m 2 -4m-9< 0 

i—Vio ^ _ i+Vio 

<=>-<m<- 

2 2 

b/ Khi m = -1 ta difdc phifcfng trinh 
sin2x+ 3cos2x = 3 (l) 

• Neu x = (2k + l)-^- thi sin2x = 0 va cos2x = -1 nén phuüng trinh (1) khóng 
thóa. 


m 


Néux ^ (2k + l)-^ thi cosx * 0,datt = tgx 


(1) thánh 
<=> 


2t 


- + 


3(l-r) 


= 3 


1 + t 2 ' 1 + t 2 

2t + 3(l-t 2 ) = 3(t 2 +l) 

<=> 6t~ — 2t = 0 
<=> t = 0 v t = 3 

Vay(l) o tgx = 0 hay tgx =3 = tgip <=> x = k7i hay x = (p + k7i, keZ 


5 + 4sin 


Bái 105 : Cho phifcfng trinh 


371 


-x 


V 


sinx 


6tga 
l + tg 2 a 


(*) 


71 


a/ Giai phuüng trinh khi a = - — 
b/ Tim a dé’ phifdng trinh (*) có nghiém 
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t - • | 37t | . (n ] 

Taco : sin-x =-sin-x =-cosx 

V 2 J v2 J 

6tga 6 sin a 2 _ 

-=-. eos" a = 3 sin 2a vói eos a + 0 

l + tg"a cosa 

/, N 5-4cosx „ . „ / .>. 


Váy : (*) 


= 3 sin 2a (diéu kién sin x ^ 0 va eos a ^ 0) 


<=> 3 sin 2a sin x + 4 eos x = 5 
n 

a/ Khi a = ta diíóc phirdng trinh 

-3sinx + 4cosx = 5(l) ( Hién nhién sin x = 0 khóng la nghiem ciia (1)) 
3 4 

—sinx + —cosx = 1 
5 5 

3 4 

Bat cos(p = -— va sin(p = — vdi 0 < (p < 2 tc 

Ta có pt (1) thánh : 
sin(cp + x) = 1 

n i o 

<=> (D + x = —+ k27t 
2 

n i o 

<=> x = —(p H-hk27t 

2 

b/ (**) có nghiem <=> (3sin2a) 2 +16 > 25 va cosa + 0 
<=> sin 2 2a > 1 va cosa ^ 0 
<=> sin 2 2a = 1 
<=> eos 2a = 0 
71 k7T 

<=> a = —l-,k e L 

4 2 


BAITAP 


Giái các phiídng trinh sau : 
a/ 2 V 2 (sinx +cosx)cosx = 3 + cos2x 
b/ (2cosx-l)(sinx + cosx) = 1 
c/ 2cos2x = Vó(cosx-sinx) 

d/ 3sinx = 3- \Í3 cosx 

e/ 2cos3x + V3sinx +cosx = 0 

f/ eos x + \¡3 sin x = sin 2x + eos x + sin x 

g/ cosx + V3sinx =- -j= - 

cosx +V3 sinx + 1 

h/ sinx + cosx = eos2x 

k/ 4 sin 3 x -1 = 3 sin x - V3 eos 3x 

6 


i / 3cosx + 4sinx + - 


3cosx + 4sinx + l 
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2 . 


3. 


4. 


j/ cos7xcos5x-V3sin2x = l-sin7xsin5x 
m/ 4(eos 4 x + sin 4 x) + V3 sin4x = 2 

p/ eos 2 x - y¡3 sin 2x = 1 + sin 2 x 
q/ 4sin2x-3cos2x = 3(4sinx-l) 

r/ tgx-sin2x-cos2x = -4cosxh—-— 

eos x 


s/ 


( 2 -^) 


cosx-2sin" 


x 

2 


4j 


= 1 


2 cosx-l 

Cho ph^Ong trinh cosx + msinx = 2 (1) 
a/ Giái phifdng trinh m = V3 
b/ Tim các giá tri m de (1) có nghiem 


(DS : m > S) 


Cho phifdng trinh : 
msinx-2 _ mcosx-2 / x 
m-2cosx m-2sinx 
a/ Giái phrfdng trinh (1) khi m = 1 

b/ Khi m ^ 0 va m ^ V2 thi (1) có bao nhiéu nghiem trén [20 tt,307t] ? 


Cho phiíOng trinh 

2 sinx + cosx + l 

-= a 

sinx -2 cosx + 3 


(1) 


a/ Giái (l)khi a ~~ 
b/ Tim a de (1) có nghiem 


(DS : 10 nghiem) 
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CHÜCÍNGV. 

PHÜCfNG TRINH DPI XÚNG THE O SINX, CQSX 

a(sinx + cosx) + bsinxcosx = c (1) 

Cách giái 

Dat t = sinx +cosx vái diéu kién Itl < V2 


Thi t = V 2 sin 

u2 


^ 7lN 

X + — 

v 4 


n 


x - 


= V2 eos 

y V 

Ta có : t 2 = 1 + 2 sinxcosx nén (l) thánh 

at + ^-(t 2 -1) = c 

<=> bt 2 + 2at - b - 2c = 0 

Giái ( 2 ) tim difOc t, roi so vái diéu kién Itl < V 2 


giái phLrong trinh V2 sin 


( 71 ^ 

X + — 

V 4 y 


= t ta tim difOc x 
2 „ __3 


Bái 106 : Giái phiídng trinh sinx + sin 2 x + eos 2 x = 0(*) 
(*) <=> sin x(1 + sin x) + eos x(l - sin 2 xj = 0 
<=> (1 + sin x) = 0 hay sin x + eos x (1 - sin x) = 0 
sinx = -1 (1) 


<=> 


sin x + eos x - sin x eos x = 0 (2) 


»(l) <=> x =-h k27t(k e Z) 

2 

»Xét ( 2 ): dat t = sin x + eos x = V 2 eos 


^ K ^ 

X- 

V 4 y 


diéu kién t < V2 thi t 2 =1 + 2 sin x eos x 


t 2 -1 

Váy (2) thánh t---= 0 


<=> t 2 - 2t - 1 = 0 
"t = 1 - V2 

t = 1 + V2 (loai) 
Do dó ( 2 ) <=> V 2 eos 


^ 7t^ 

X - — 

4 


= 1-V2 


<=> eos 


x- 

4 


n ) V2 


= —— 1 = eos cp vái 0 < 9 < 2 n 


<=> x - ^ = ±9 + h 27 i;, h e Z , vái eos cp = - 1 

<=> x = ^ + cp + h 27 i;, h e Z, vái eos cp = - 


1 
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g 

Bái 107 : Giái phúdng trinh -1+ sin 3 x + eos 3 x = — sin2x(*) 

2 


n 


(*) <=> -1 + (sinx + eosx)(l - sinxcosx) = ^sin2x 

Bat t = sin x + eos x = V2 sin f x + 

Vdi diéu kien |t| < V2 
Thi t 2 =1 + 2 sin x eos x 


Váy (*) thánh : -1 + t 


t 2 - 1) 3 




^-2 + t(3-t 2 ) = 3(t 2 -l) 

<=> t 3 + 3t 2 - 3t -1 = 0 
<=> (t - 1) (t 2 + 4t + lj = 0 

<=> t = 1 v t = -2 + V3 v t = -2 - V3 (loai) 
vdi t = 1 thi siní 


X + — 

4 


1 . n 

—¡= = sin — 
y¡2 4 


<=> x + — = — = k27r v x + — = — + k27t, k e Z 
4 4 4 4 

<=> x = k27t v x = — + k2n, k e Z 
2 


vdit = V3-2 thi sin 


f k} V3-2 

X H- 


V2 


= sintp 


v 

Tí c-, Tí ^ ,. 4s — 2 

oxt— = (d + m27i v x H— = 7t - © + m27t, m e Z, vOi ——— = sin o 

4 4 V2 


<=> x = tp - y + m27i v x = - tp + m27t, m e Z, vdi 


. V3-2 


4~2 


= sinip 


Bái 108 :Giái phúdng trinh V2| 

(sinx + cosx) 

1 = tgx + cotgx(*) 

1 


v í sm x + 0 

Biéu kién \ <=> sm2x + 0 

[cosx + 0 

Lúe dd (*) <=> V2 (sin x + eos x) 


V2 (sinx + cosx) = 


sin 2 x + eos 2 x 


sm x eos x 

-+- 

cosx sinx 

1 


sin x cosx 

Bát t = sin x + eos x = V2 sin 


sin x cosx 


t tt: ^ 

x + — 
4y 


Thi t 2 = 1 + 2 sin xcos x vdi|t|<V2 va t 2 ^ 1 
(*) thánh V2t = 


t 2 -1 
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<=> V2t 3 - V2t -2 = 0 

(Hien nhién t = +1 khóng la nghiem) 

<=> (t - V2)(V2t 2 + 2t + V2) = 0 
"t = V2 

t 2 + V2t + 1 = 0 (yo nghiem) 


Váy (*) <=> y¡2 sin 

= 1 


x + 


71 


= V2 


<s> sin 


X + — 

4y 


<=> x + — = — + k27t, k e Z 


n 


<=> x = —h k2n, k e Z 
4 


Bái 109 : Giái phiídng trinh 3(cot gx - eos x) 

1 - 5(tgx - sinx) 

1 = 2(*) 

1 


Vdi diéu kien sin2x ^ 0, nhán 2 ve phiídng trinh cho sinxcosx + 0 thi : 

(*) <=> 3 eos 2 x (1 - sin x) - 5 sin 2 x (1 - eos x) = 2 sin x eos x 

3 eos 2 x (1 - sin x) - 5 sin 2 x (1 - eos x) = 5 sin x eos x - 3 sin x eos x 
3 eos x [eos x (1 - sin x) + sin x] - 5 sin x [sin x (1 - eos x) + eos x] = 0 
3 eos x (eos x - sin x eos x + sin x) - 5 sin x (sin x - sin x eos x + eos x) = 0 
sin x + eos x - sin x eos x = 0 (1) 

3 eos x - 5 sin x = 0 (2) 

( Ghi chú: A.B + A.C = A.D o A = 0 hay B + C = D ) 

Giái (1) Bat t = sinx + cosx = \Í2 siní 


<=> 


X + — 

4 


v 

Thi t 2 =1 + 2sin x eos x vdi diéu kien : |t| < y¡2 va t ^ +1 

4-2 


(1) thánh : t - 


— = 0<=>t 2 -2t-l = 0 




t = 1 + V2 (loai do |t| < V2 j 
t = 1 - V2 (nhán so vdi diéu kien) 

1-V2 


Váy sin x + — = 
i 4 J 


= sin a (0 < a < 2 tx:) 




x + — = a + k2n 
4 

71 

xh— = 7T-a + k27t, keZ 
4 




x = a - — + k2n 
4 

x = — - a + k27g keZ 
4 
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(2) <=> tgx = — = tgP <=> x = p + hji, heZ (vdi O < P < 7 t) 


Bái 110 : Giái phúdng trinh 

3tg 3 x - tgx + 


3(1 + sinx) 
eos 2 x 


= 8 eos" 


n x 
4 2 


(*) 


Diéu kién : cosx ^ 0 <=> sinx ^ ±1 

Lúe dó : (*) <=> tgx(3tg 2 x-l) + 3(l + sinx)(l + tg 2 x) = 4 

= 4(1 +sinx) 

<s> tgx(3tg 2 x -1) + (1 + sinx)[^3(l + tg 2 x) - 4 
(3tg 2 x-l)(tgx + l + sinx) = 0 
<=> (3tg 2 x - l)(sinx + cosx + sinx cosx) = 0 
3tg 2 x = 1 (1) 


= 0 


<s> 


sinx + cosx + sinx cosx = 0 ( 2 ) 


n 


1 1 \Í3 

•(1) <=> tg 2 X = — <=> tgx = ±-<=> X = ± — + k7T 

3 3 6 

( n^ 

x + — 

4 


• Giái (2) dát t = sin x + eos x = -\¡2 sin 

Vdi diéu kién |t| < y¡2 va t + ±1 
Thi t 2 =l + 2sinxcosx 


( 2 ) thánh : t + 


t 2 -l 


= 0 <^> t + 2 t — 1 = 0 


t = -1 - V 2 (loai dodiéu kién |t| < V 2 j 
t = -1 + V 2 (nhan so vdi diéu kién) 


Váy sin 


í 


n 


y/2-l 


v X + 4j = ' 


■ sin cp 


<=> 


n 


x + — = 9 + k27T,k e Z 


<=> 


n 


x + — = 7 X — cp + k2rt, k g Z 


n 


1 + eos 


í n 3 
-x 

.2 y 


x = cp - bk27r,k g Z 

4 

3tc 

x = — - (p + k27T, k g Z 


Bái 111 : Giáiphufdng trinh 2sin 3 x - sinx = 2cos 3 x - cosx + cos2x(*) 


(*) <=> 2 (sin 3 x - eos 3 x) - (sin x - eos x) + sin 2 x - eos 2 x = 0 
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<=> sinx-cosx = 0 hay 2(l + sinxcosx)-l + (sinx + cosx) =0 
sinx -cosx = 0(l) 
sinx + cosx + sin2x +1 = 0(2) 

• (l)<=>tgx = l 

x = — + k7r, k e Z 

4 


►xét(2) dát t = sinx + cosx = V2cosx x- 

v ' l 4 


Vdi diéu kién : |t| < V2 
t 2 = l + sin2x 

Vay (2) thánh t + (t 2 -1) +1 = 0 
<=>t(t + l) = 0<»t = 0vt = -l 


Khi t = 0 thi eos |^x - — J = 0 

<=>x--^ = (2k + l)-^-,keZ 

3 TU 

<=> x =-1-k7t,keZ 

4 

f k ^ 1 3n 

Khi t =-1 thi eos x-=— j= — eos — 

l 4j V2 4 

<=> x - — = ± —+ k27t,k e Z 
4 4 

n 

<=> x = n + k2n hay x = - — + k27t,keZ 


Bái 112 : Giái phifdng trinh 

sinx +sin 2 x + sin 3 x + sin 4 x = eosx + eos 2 x + cos 3 x + cos 4 x(*) 


Ta có : (*) 

<=> (sin x - eos x) + (sin 2 x - eos 2 x) + (sin 3 x - eos 3 x j + (sin 4 x - eos 4 x) = 0 

(sinx - cosx) = 0 hay 1+ (sinx + cosx)+ (l + sinx.cosx) + (sinx + cosx) = 0 
sinx - cosx = 0(1) 

2(sinx + cosx) + sinxcosx + 2 = 0(2) 

Ta có : (1) <=> tgx = 1 

x = — + kj+k e Z 
4 

r ( A 

Xét (2) : dát t = sinx + cosx = V2 eos x — 

l 4 J 

Vdi diéu kién Itl < 
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Thi r =l + 2sinxcosx 


(2) thánh 2t + 


t 2 -l 


+ 2 = 0 


t + 4t + 3 — 0 
<=> t = -lvt = -3(loai) 

khi t = -1 thi eos 


X- 

4 


1 3tt 

■—¡= = eos — 
V2 4 


<=> 


x - — = — + k2n, keZ 
4 4 

7t 37T , _ „ 

x-=-1- k27t,k e Z 

4 4 

x = 7T + k27i;,k e Z 

x = - —+ k27t,k e Z 
2 


Bái 113 : Giái phu’dng trinh tg 2 x| 

(l - sin 3 x) 

| + cos 3 x-l = 0(*) 

1 


Diéu kién : cosx + 0 <=> sinx ^ ±1 
• 2 

Lúe dó (*) ++ S11 \ X (l-sin 3 x) + cos 3 x-1 = 0 
eos" x v ’ 

+í> (l-cos 2 x)(l-sin 3 x)- (l-cos 3 x)(l-sin 2 x) = 0 
<=> (l-cosx)(l-sinx) = 0 

hay (l + cosx)(l + sinx + sin 2 x) - (l + cosx + eos 2 x)(l + sinx) = 0 
cosx =l(nhan do diéu kién) 
sinx = l(loaido diéu kién) 
sin 2 x + sin 2 x eos x - eos 2 x - sin x eos 2 x = 0 
cosx = 1 


<=> 




sin 2 x-cos^ x +sinx cosx (sinx-cosx) = 0 
cosx = 1 

sinx - cosx = 0 hay sinx + cosx + sinxcosx = 0 

cosx = lvtgx = 1 

sin x + eos x + sin x eos x = 0 

x = k27t,k e TL 

71 

x = —b kit, k e Z 
4 


sin x + eos x + sin x eos x = 0 
xét pt sinx + cosx + sinxcosx = 0 




Tim tai liéu Toán ? Chuyén nhó - www.toanmath.com 


dát 

t = sin x + eos x = V2 eos x 
=^> t 2 = 1 + 2 sin x eos x 
Ta diíOc phu’cfng trinh t + 


( 

x- 

V 4 y 


(diéu kién |t| < va t * ±lj 


t 2 -1 


= 0<=>r+2t-l = 0 


<=> 


t = -1- V2 (loai) 
t = -1 + V2 (nhan so vói dk) 

f *0 V2-1 

Vay eos x-=—¡^ = cos(p 

l 4j V2 

71 71 

<=> x-= ±cp + k27i:,k eZox = -í(i)+ k27i;,k e Z 

4 4 


Bái 114 : Cho phiTOng trinh m(sinx + cosx + l) = l + sin2x(*) 
Tim m dé phifdng trinh có nghiém thuoc doan 




Dát t = sinx + cosx = V2 


sin 


x- 

V 4y 


, diéu kién Itl < \¡2 


Thi t 2 = l + sin2x 
Vay (*) thánh : m(t + l) = t 2 

Néu 0<x< — thi—<x + — < — 

2 4 4 4 

F) 

Do dó -< sin | x + — | < 1 

2 

<^l<t< V2 

ta có m(t + l) = t 2 
t 2 

m =- (do t = -1 khóng la nghiém cu a phifdng trinh) 

t + 1 


f n\ 
l 4 y 



Xét y = 


Thi y' = 


t ¿ 


t + 1 


tren 


\y¡2 


t + 2t 

, > 0 Vt e 

’l,V2 _ 

(t + !) 

L J 


l,y/2 


Vay y táng tren 
Vay (*) có nghiém trén 

^-<m<2(V2-l) 


1." 


«y(l)<m<y(V2) 
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Bái 115 : Cho phiídng trinh eos 3 x + sin 3 x = msinxcosx(*) 

a/ Giái phiídng trinh khi m = \Í2 
b/ Tim m de (*) có nghiem 

Ta có : (*) w (cosx + sinx)(l- sin x cosx) = msinxcosx 

Dát t = sinx + cosx = V2 cosx x- — 

l 4. 

Vdi diéu kien ^|t| < V 2 j 

Thi t 2 =l + 2sinxcosx 

t 2 -l' 


Váy (*) thánh t 1- 


= m 


V 2 y 


<=> t(3-1 2 ) = m(t 2 -l) 
a/ Khi m = V2 ta có phiídng trinh 

t(3-t 2 ) = V2((t 2 -l)) 

<^t 3 +V2t 2 -3t-V2=0 

«(t-V2)(t 2 +2V2t + l) = 0 

<=> t = V2 hay t = -y¡2 +1 hay t = -y¡2 -l(loai) 


Váy • cosx 


n 

x- 

4 


• eos 


V ^ J 

f n') l--v/2 

v 4 J 


= 1 <=> x- — = k27i:,k e Z <=> x = — + k27i;,k e Z 
4 4 


>/2 


= cosa 


<=> x - — = ±a + k2?r,keZox = -ía + k27t,keZ 

4 4 

b/ Xét phiídng trinh t(3 — t 2 ^ = k(t 2 -l)(**) 

Do t = ±1 khóng lá nghiem cüa (**) nén 
3t — t 3 


(**)<=> m = 


t 2 -1 


Xéty=^—y (C) tren -V2,V2 J\ {±1} 
-t 4 -3 


Ta có y 1 = 


■<0Vt = ±l 


(> 2 -i) 

suy ra y giám trén(-l,l) va 

lim y = + 00, lim y = — o o 

x—> — 1 + X—> T 

Do dó trén(-l,l )ci -\¡2,\Í2 \{±l}tacó 

3t — t 3 

(d) y = m cat (C) y = ——— vói Vm e R 
Váy (*) có nghiem Vm e R 
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Bái 116 : Cho phiídng trinh 


m í sin x + cosx) +1 + — 
V ’ 2 


( 


1 


1 


A 


tgx + cot gx +-+ 

v sinx cosx y 


=»(*) 


a/ Giái phiídng trinh khi m = 

b/ Tim m dé (*) có nghiém tren 
Vdi diéu kién sin2x^ Otacó 


f 

°’2 

v ¿ j 




sinx cosx 1 1 

-+-+-+- 


(*) <=> m(sinx + cosx) + l + — 

2 vcosx sinx sinx cosx y 

<=> msin2x(sinx + cosx) + sin2x + (l + cosx + sinx) = 0 
<=> msin2x(sinx + cosx) + sin2x + l + cosx + sinx = 0 
<=> msin2x(sinx + eosx) +(sinx +cosx)" + sinx +cosx = 0 
sinx + cosx = 0(1) 
msin2x + sinx + cosx + 1 = 0(2) 

Xét (2) dat t = sinx + cosx = V2cos 
Thi t 2 = 1 + sin 2x 

Do sin 2x^0 nén Itl < \¡2 va t = ±1 


= 0 


( K ^ 
X- 

4 


Váy (*) thánh : 


t = 0 

m(t 2 -l) +1 + 1 = 0 
t = 0 (nhan so diéu kién) 

(t -1) +1 = 0 (dot*-l) 


m 


1 


a/ Khi m = — thi ta diídc : 

2 

t = 0 

t =- l(loai do diéu kién) 

Váy sinx + cosx = 0 
<=> tgx = -1 

«> x = + k7i,k g Z 

4 

b/Taco : 0<x< — <=>— <x-< — 

2 4 4 4 

Lúe dó 

y¡2 f n' 


< eos 


Do t = 0 g 


x - 

. 4y 

(i,^ 
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Nén ta xét phifdng trinh : m(t-l) + l = 0(**) 
(**) <^> mt = m-1 


<=> t = 1-— (do m = 0 thi (**) vó nghiém) 
m 

Do dó : yéu cáu bái toán <=>!<!- — <y¡2 


m 




- >0 

m 

1-V2 < — 




m < 0 


m 


m < —^—¡= = -y¡2 -1 

1-V2 


«>m 


< — y¡2—\ 


Bái 117 : Cho f (x) = eos 2 2x + 2(sinx + cosx) 3 -3sin2x + m 

a/ Giái phifdng trinh f(x) = 0 khi m = -3 
b/ Tính theo m giá tri ldn nhát va giá tri nhó nhát cu a f(x) 

Tim m cho [f(x)] <36 VxeR 


Dát t = sinx +cosx = V 2 


eos 


( n^ 

x- 

4 


diéu kién 



Thi t 2 = 1 + sin 2x 

Va eos 2 2x = 1-sin 2 2x = l-(t 2 -l) = —t 4 + 2t 2 
Váy f(x) thánh g(t) = -t 4 + 2t 2 + 2t 3 -3(t 2 -l) + m 

a/ Khi m = -3 thi g(t) = 0 
<=> -t 2 (t 2 - 2t +1) = 0 


<=> t = 0 v t = 1 

váy khi m = -3 thi f(x) = 0 


-tí>cos 


n 

x- 


= 0hay eos 


n 

x- 

4 


1 


x - — = (2k +1)— hay x - — = ± — + k27t, ke Z 
4 v 2 4 4 

3tz ti , , 

<=> x =- 1 - k7t hay x = — 1 - k2 n v x = k27t, k e Z 

4 2 

b/Ta cd g'(t) = -4t 3 + 6t 2 -2t = -2t(2t 2 -3t +1) 


Váy 


íg'(t) = 0 


t e 


'->¡2, y/2 


-, <=> t = 0vt = lvt = — 


Ta có : g(0) = 3 + m = g(l), g 


di 3 


V 2 y 


47 

16 


- + m 


g^V2 j = 4 V 2 -3 + m, g^V2 j = m-3-4V2 
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Váy : Maxf(x) = 

x e M 


Max 

te[-V2,V2] 


g(t) = m + 3 


Minf(x) = Min g(t) = m-3-4>/2 

xeR te[-r/2,^] 


Do dó : [f (x)] < 36, Vx e R <=> -6 < f (x) <6, VxeR 

Maxf (x) < 6 

<=> \ R . . 

Minf (x) > - 6 

. R 

fm + 3< 6 
|m-3-4V2 > -6 
<=> 4\/2-3 < m < 3 

Cách khác : Ta có g(t) = -t 2 (t 2 -2t + l) + 3 + m = -[t(t-l)] 2 +3 + m 
Dat u = t 2 -t 


Khi t e 

~-V2,vr 

thi u e 

- —,2 + V 2 




4 J 


Váy g(t) = h(u) = -u 2 +3 + m 
Maxf(x)= Max__^g(t) = Maxh(u) = m+ 3 

Minf(x)= Min g(t) = Minh(u) = m-3-4V2 

R te[-\/2 ueD 


Chú y 1 : Phifdng trinh giá doi xtíng 
a(sinx-cosx) + b(sinxcosx) = 0 

dát t = sinx - cosx 


thi t = V 2 sin 


^ 71^ 

X- 

4 


= ->/2 


eos 


^ n^ 

X H- 

4 


vdi diéu kién t < yÍ2 thi t 2 = l-2sinxcosx 


Bái 118 : Giá i phifdng trinh 2 sinx + cotgx = 2sin2x + l(*) 

Diéu kién : sinx ^ 0 <=> cosx = +1 

eos X 

Lúe dó (*) <=> 2 sin x +-= 4 sin x eos x + 1 

sinx 

<=> 2 sin 2 x + eos x = 4 sin 2 x eos x + sin x 
<=> 2 sin 2 x - sin x - eos x ^4 sin 2 x - lj = 0 
<=> sin x (2 sin x - 1) - eos x (2 sin x - 1) (2 sin x + 1) = 0 
<=> 2 sin x - 1 = 0 hay sin x - eos x (2 sin x + 1) = 0 
2 sin x - 1 = 0 (1) 

sin x - eos x - sin 2x = 0 (2) 
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• Ta có (1) <=> sinx = — (nhán do sinx + 0) 

2 

<=> x = — + k2n v x = — + k 2 n, keZ 

6 6 


• Xét (2) Bát t = sin x - eos x = \¡2 sin 

Vdi diéu kien |t| < \Í2 va t ^ ± 1 

Thi t 2 = 1 - sin 2x 

Vay (2) thánh : t-(l-t 2 ) = 0 


( 7t^ 

X- 

4 


<=>t+t-l = 0 

, -1 + V5 , -1- y¡5 n 

t =- v t =- loai 

O O \ • / 


Do dó : y¡2 sin 


f -1 + -y/5 

x-= 

4 J 


<=> sm 


^ 7t^ y¡5 ~ 1 

X- 

4 


--J 


2V2 


2 

= sin 9 


(nhán do |t| < V 2 va t + ±lj 


<=> 


n 


x - — = 9 + k27T, k e Z 


n 


<=> 


x - — = 7T — cp + k27t, k e Z 

71 

x = © H-b k27T, k e Z 

4 

5tc 

x = —— cp + k27r, keZ 


Bái 119 : Giái phifdng trinh 

eos2x+ 5 = 2(2 - eos x)(sinx - eosx)(*) 

Ta có : (*)<=> (eos 2 x - sin 2 x) + 5 = 2 (2 - eos x) (sin x - eos x) 

<=> (sinx - cosx)[2(2 - cosx) + (sinx + cosx)] -5 = 0 

<=> (sin x - eos x) [sin x - eos x + 4] - 5 = 0 

Dát t = sin x - eos x = y¡2 sin x - — 

l 4 

Vdi diéu kien |t| < \Í2 
(*) thánh : t(t + 4) - 5 = 0 
<=> t 2 + 4t - 5 = 0 


<=> t = 1 v t = -5(loai) 
Vay (*) <=> sin 


^ 7t^ 

X- 

4 


1 . n 

—¡= = sm — 
V2 4 
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<=> x - — = — + k2n v x - — = — + k2n, keZ 
4 4 4 4 

71 

<=> x = — b k2n v x = n + k2n , keZ 
2 


Bái 120 : Giái phiídng trinh eos 3 x + sin 3 x = cos2x(*) 


Ta có (*) <=> (cosx + sinx)(l - sinxcosx) = eos 2 x - sin 2 x 
<=> eos x + sin x = 0 hay 1 - sin x eos x = cosx - sin x 
sin x + eos x = 0 (1) 

sin x - eos x - sin xcos x + 1 = 0 (2) 

Ta có : (1) <=> tgx = -1 


^ 71^ 

X- 

4 


<=> x =-h krc, k e Z 

4 

Xét (2) dat t = sin x - eos x = y¡2 sin 

Vdi diéu kien |t| < V2 

Thi t 2 =1-2 sin x eos x 
1 -t 2 

(2) thánh t - — + l = 0«t 2 +2t + l = 0 


«> t = -1 
vay (2)-» sin 


^ n^ 

x - 

4 


v 


V2 


= sin 






x - — = - — + k27i:, k e Z 
4 4 

x - — = — + k27i, k e Z 
4 4 


v 

x = k27i, k e Z 
Sti 

x =-b k27i:, keZ 


Bái 121 : Cho phifdng trinh eos 3 x - sin 3 x = m (1) 


a/ Giái phifdng trinh (1) khi m = 1 bang cách dat án phu t = cosx - sinx 


b/ Tim m sao cho (1) có dúng hai nghiém x 


Ta có (1) <=> (cosx - sinx)(l + sinxcosx) = m 
Dat t = eos x - sin x = \Í2 eos íx + — 

l 4 J 

Vdi diéu kien |t| < \¡2 
Thi t 2 =1-2 sin x eos x 


n n 
4 ’ 4 


Vay (1) thánh : t 


1 + 


1-t 


2 A 


= m 


^t(3-t 2 ) = 2m (2) 
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a/ Khi m = 1 thi (2) thánh t 3 - 3t + 2 = O 
^(t-l)(t 2 +t-2) = 0 

<=>t = lvt = -2 (loai) 


f 


Váy eos 


x + — 

V 4y 


Tt V2 Tt , Tt 


P X 


=-— = ± —h k27t, k g Z 

2 4 4 


<=> x = k27t v x =-h k27í, k e Z 

2 


b/ Neu x g 

nén 0 < eos 


n n 
_ 4 ’ 4 

^ n^ 

x + — 
4 


thi 0 < x + - < - 
4 2 


< 1 


<=> 0 < t = V 2 


eos 


y 

^ 7t^ 

X + — 

4 


< V2 


nhán xét rang vdi mói t tim difOc trén 

ta tim duy nhát mot x < 

xét f (t) = -t 3 + 3t trén 0,V2 
=> f' (t) = -3t 2 + 3 


0,V2 



n n 
4 ’ 4 


váy (1) có dúng hai nghiém x 


n 7 t 
4 ’ 4 



<=> (d) y = 2m cát (C) y = -t 3 + 3t trén 0, V2 tai 2 diém phán biet 

<=> V2 < 2m < 2 

V2 


<=> -— < m < 1 

2 


Bái 122 : Cho phifOng trinh 



2 eos 2x + sin 2 xeos x + sin xeos 2 x = m(sin x + eos x) (*) 

a/ Giái phiíOng trinh khi m = 2 



b/ Tim m dé’ phiíOng trinh (*) có ít nhát mot nghiém trén 

0,- 
L 2 



Ta có : 

(*) <=> 2 (eos 2 x - sin 2 x) + sin x eos x (sin x + cosx) = m(sinx + cosx) 
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<=> eosx + sin x = 0 (1) hay 2(cos x - sinx) + sinxeos x = m (2) 


Dát t = eos x - sin x = V2 


eos 


X + — 

V 4 y 


(diéu kién t < V2 ) 


Thi t 2 = 1 - 2 sin x eos x 
Ta có : (1) <=> sinx = -cosx 

71 

<=> tgx = -1 <=> x =-+ kjr, keZ 

4 

1-t 2 

Ta có : (2) thánh 2t H-= m 

2 

<=> -t 2 + 4t + 1 = 2m(* *) 

a/ Khi m = 2 thi (**) thánh t 2 - 4t + 3 = 0 
<»t = lvt = 3 (loai) 


ó 


vay eos 


n 


V2 


n 


n 


x H — = - <=> xh — = ± —h k 27 i:, k € Z 


<í> x = k27i: v x =-h kn, k e Z 

2 

Do dó : 

(*) <=>x = - — + krtvx = k27i v x = - — + k2n, keZ 
w 4 2 


b/ Ta có x e 

V2 


n 71 

n 

n 37X 

0,— 

O x + — e 

- - 

L 2 

4 

.4 4. 


vay 


< eos 


í n \ 

X + — 

4 


< 


V2 


=> — 1 < t < 1 


Do nghiém x =-+ k ni 

4 


0 ,- 

2 


, V k e Z 


Nén yéu cáu bái toán <^>(**)có nghiém trén [-1,1] 

Xét y = -t 2 + 4t + 1 thi y' = -2t + 4 > 0 Vt <= [-1,1] 

=> y táng trén [-1,1] 

Do dó : yéu cáu bái toán 
<=> -4 = y(-l) < 2m < y(l) = 4 

-2 < m < 2 

* Chú y 2 : PhifOng trinh lifOng giác dang 
a (tgx ± cot gx) + b (tg 2 x + cot g 2 x) = 0 

ta dát t = tgx ± cotgx thi t 2 = tg 2 x + cotg 2 x ± 2 

khi t = tgx + cotgx =-thi Itl > 2 (do Isin2x| < l) 

sin2x v ’ 


Bái 123 : Giái phiídng trinh 

3tg 2 x + 4tgx + 4 cot gx + 3 cot g 2 x + 2 = 0 (*) 
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Dát t = tgx + cot gx =- 

sin2x 

Vdi diéu kien |t| > 2 
Thi t 2 = tg 2 x + cotg 2 x + 2 
(*) thánh : 3(t 2 - 2) + 4t + 2 = 0 
<=> 3t 2 + 4t - 4 = 0 
^ t = ^(loai do diéu kien) 
t = -2 


Ta có : t = -2 <=>-= -2 sin 2x = -1 

2 sinx 

<=> 2x = - — + k27t, k e Z 
2 

<=> x = - — + kn, keZ 

_ 4 _ 

Bái 124 : Giái phifdng trinh 

tgx + tg 2 x + tg 3 x + cotgx + cotg 2 x + cotg 3 x = 6(*) 

Ta có (*) <=> (tgx + cot gx) + (tg 2 x + cot g 2 x) + (tg 3 x + cot g 3 x) = 6 

<=> (tgx + cot gx) + (tgx + cot gx ) 2 -2 + (tgx + cot gx) (tg 2 x + cot g 2 x - l) = 6 

<» (tgx + cot gx) + (tgx + cot gx ) 2 + (tgx + cot gx) |jtgx + cot gx ) 2 - 3 =8 

Dát t = tgx + cotgx =-(diéu kién Itl > 2) 

sin 2 x ii/ 

Vay (*) thánh : t + t 2 + t(t 2 - 3) = 8 


<=> t 3 +1 2 - 2t - 8 = 0 


(t - 2) (t 2 + 3t + 4) = 0 


<=> t = 2 

Váy —-— - 2 <=> sin 2x = 1 
sin 2x 

<=> 2x = — + k27r, k e Z 
2 

K 

<=» x = —h k7t, k e Z 
4 


t = 2 


t 2 + 3t + 4 = 0(vo nghiém) 



Cách 1 : (*) <=> 2(l + cotg 2 x) + 2tg 2 x + 5(tgx + cotgx) + 4 = 0 
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<=> 2 (tg 2 x + cot g 2 x) + 5 (tgx + cot gx) + 6 = 0 

o 2 jjtgx + cot gx) 2 - 2 +5 (tgx + cot gx) + 6 = 0 

2 

Dát t = tgx + cot gx =-, vdi Itl > 2 

sin 2x 

Ta difOc phiídng trinh : 2t 2 + 5t + 2 = 0 
ot = -2vt = --^ (loai) 

Váy (*) <=> —— = -2 <=> sin 2x = -1 
w sin2x 

<=> 2x = - — + k.2n, keZ 
2 

<=> x = - — + kn, keZ 
4 

Cách 2 : Bat u = tgx (vdi diéu kien u + 0 ) 

Váy (*) thánh : 2 + -^- + 2u 2 +5u + — + 4 = 0 

u u 

<=> 2 + 2u 4 + 5u 3 + 5u + 6u 2 = 0 
«> (u + l)(2u 3 +3u 2 +3u + 2) = 0 

^(u + 1) 2 (2u 2 +u + 2) = 0 
u = -l(nhán) 

2u 2 + u + 2 = 0(vo nghiém) 

Váy (*) <+-tgx = -1 

<íí> x = - — + k7i, k e Z 
4 



Ta có : (1) <íí> tg 2 x + cotg 2 x + m(tgx + cotgx) + 3 = 0 


Bát t = tgx + cotgx =-(diéu kién Itl > 2) 

sin 2x v ii/ 

=> t 2 = tg 2 x + cot g 2 x + 2 

Váy (1) thánh : t 2 + mt + 1 = 0 (2) 

5 

a/ Khi m = — ta difOc phiTOng trinh 2t 2 + 5t + 2 = 0 
2 
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o t = -2 v t = - — (loai) 


Do dó 


sin2x 


= -2 <=> sin2x = -1 


ti; 


<=> 2x =-h ]z2n, k e Z 

2 

71 _ 

x =-h k7t, keZ 

4 

b/Cachi: 

Ta có : (2) <=> mt = -1 - t 2 

<=> m = - - - t(do t = 0 khóng lá nghiém cüa (2)) 
t 

Xét y = - t vói Itl > 2 

t 11 

1 1 -1 2 

Ta có : y' = 0 <=> t = ±1 



Do dó (1) có nghiém <=> (d) cát (C) tren (-oo,-2]U[2,+oo) 


<=> m < — v m > — 

2 2 

l l ^ 5 
<=> m > — 

1 1 2 

Cách 2 : Yéu cáu bái toán 

<=> f (t) = t 2 + mt + 1= 0 có nghiém t thóa |t| > 2 

Nhan xét rang do P = 1 nén néu f(t) có hai nghiém t 1? t 2 (vói ^ <t 2 )vá 

íltj^l 1 x 1 >1 

có nghiém thi ta có <, , v , 

~ ' l|t 2 | > i {|t 2 |<i 

Do dó : 

Yéu cáu bái toán <=> t x < -2 < t : < 2 v -2 < t 1 < 2 < t 2 

Jlf (-2) < 0 jlf (2) < 0 í-2m + 5 < 0 í-2m + 5>0 
<=> {lf(2)>0 V jlf (-2) > 0 ^ [2m + 5 > 0 V [2m + 5 < 0 

^ 5 5 

2 2 
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1 . 


2 . 


3. 


4. 


5 . 


BÁITÁP 

Giái các phu’dng trinh : 

a/ 1 + eos 3 x - sin 3 x = sin x 

b/ eos 3 x + eos 2 x + 2 sin x - 2 = 0 

c/ eos 2x + 5 = 2 (2 - eos x) (sin x - eos x) 


d/ cot gx - tgx = sin x + eos x 
e/ sin 3 x - eos 3 x = sin x - eos x 
f/ 1 + tgx = sin x + eos x 



= 1 


k/ sin 2x - 12(sin x - eos x) + 12 = 0 


sin x + eos x _ i 
sin 2x + 1 

. 1 - cos2x 1 - eos 3 x 

m / -=- ó— 

l + cos2x 1-sm x 

n/ 5 (sin x + eos x) + sin 3x - eos 3x = 2y[2 (2 + sin 2x) 


o/ 1 + sin x + eos x + sin 2x + 2 eos 2x = 0 

p/ sin 2 x eos x - eos 2x + sin x = eos 2 x sin x + eos x 

r/ eos2x+ 5 = 2(2 - eosx)(sinx - eosx) 

s/ eos 2 x + sin 3 x + eos x = 0 

t/ 4 sin 3 x -1 = 3 sin x - V3 eos 3x 

Cho phu’dng trinh sin2x(sinx + cosx) = m(l) 

a/ Chtíng minh néu |m| > V2 thi (1) vó nghiem 

b/ Giái phu’dng trinh khi |m| = V2 

Cho phu’dng trinh sin 2x + 4(eos x - sin x) = m 

a/ Giái phu’dng trinh khi m = 4 

b/ Tim m dé phu’dng trinh có nghiem 

Cho phu’dng trinh : sinxcosx - m(sinx + cosx) + 1 = 0 

a/ Giái phu’dng trinh khi m = y¡2 

b/ Tim m dé phu’dng trinh có nghiem (BS :|m| > l) 

3 

Cho phu’dng trinh - ? — + 3tg 2 x = m(tgx + cot gx) = 1 

sin x 

Tim m dé phu’dng trinh có nghiem (BS :|m| > 4) 
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CHÜdNG VI. 

PHÜOÍNG TRINH BANG CAP 

a sin 2 u + b sin u eos u + c eos 2 u = d 

Cách giái : 

Tí 

• Tim nghiem u = — + kit (lúe dó cosu =0 va sinu = ± 

• Chia hai ve phúOng trinh cho eos 2 u ^ 0 ta diídc phúong trinh : 
atg 2 u + btgu + c = d (l + tg 2 u) 

Dat t = tgu ta có phiídng trinh : 

(a - d) t 2 + bt + c - d = 0 

Giái phiídng trinh tim diídc t = tgu 


Bái 127 : Giái phiídng trinh 

eos 2 x - V3 sin2x = 1 + sin 2 x(*) 

Vi cosx = 0 khong lá nghiem nén 
Chia hai ve cüa (*) cho eos 2 ^ 0 ta diídc 
(*) <=> 1 - 2\¡3tgx = (l + tg 2 xj + tg 2 x 

Dat t = tgx ta có phiídng trinh : 

2t 2 + 2V3t = 0 

<=> t = 0 V t = -y¡3 


Váy (*) «• tgx = 0 hay tgx = - y¡3 x = kn hay x =-b kíi, k e Z 

3 


Bái 128 : Giái phiídng trinh 

eos 3 x - 4 sin 3 x - 3 eos x sin 2 x + sin x = 0 (*) 

71 

• Khi x = — + kíi thi eos x = 0 va sin x = ±1 
2 


thi (*) vó nghiem 

• Do cosx = 0 khong lá nghiem nén chia hai ve cüa (*) cho cos 3 x 
ta có (*) <=> 1 - 4tg 3 x - 3tg 2 x + tgx (l + tg 2 x) = 0 

<=> 3tg 3 x + 3tg 2 x - tgx -1 = 0 
<=> (tgx + 1)(3tg 2 x -1 j = 0 

<=> tgx = -1 V tgx = ±- 

3 


n 

<=> x = - 

4 


n 


+ k7ivx = ± —l- k7i, keZ 
6 


Bái 129 : Giái phiídng trinh 

3 eos 4 x - 4 sin 2 x eos 2 x + sin 4 x = 0(*) 
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Do cosx = 0 khóng la nghiém nen chia hai ve cüa (*) cho eos 4 x + 0 
Ta có : (*) <=> 3 - 4tg 2 x + tg 4 x = 0 
<=> tg 2 x = 1 v tg 2 x = 3 


<=> tgx = ±1 = tg 

( + 

v tgx = tg 

( 


l 4 ) 


l 3 J 


x = ± — + ka: v x = ± — + k7t, keZ 
4 3 


Bái 130 : Giái phu’dng trinh sin2x + 2tgx = 3(*) 

Chia hai ve" cüa (*) cho eos 2 x + 0 ta difdc 

^ 2 sin x cosx 2tgx 3 

(*) <=>- 1 --— =- 

eos x eos x eos X 

<=> 2tgx + 2tgx(l + tg 2 x) = 3(l + tg 2 x) 

Jt = tgx 

° [2t 3 - 3t 2 + 4t - 3 = 0 
Jt = tgx 

° j(t-l)(2t 2 -t + 3) = 0 

<=> tgx = 1 


n 

«> x = — 
4 


+ k7i, k e Z 


Bái 131 : Giái phifcfng trinh 

sin x sin 2x + sin 3x = 6 eos 3 x (*) 

(*) <=> 2 sin 2 x eos x + 3 sin x - 4 sin 3 x = 6 eos 3 x 

• Khi eos x = 0 ( sin x = ± 1) thi (*) vó nghiém 

• Chia hai ve phiícfng trinh (*) cho eos 3 x ^ Ota diídc 

2sin 2 x 3sinx 1 . sin 3 x _ 

(*) «■ -2-+-•-2- 4 -3 = 6 

eos x cosx eos x eos X 
<=> 2tg 2 x + 3tgx (l + tg 2 x) - 4tg 3 x = 6 

<=> tg 3 x - 2tg 2 x - 3tgx + 6 = 0 
<=> (tgx-2)(tg 2 x-3) = 0 

<=> tgx = 2 = tga v tgx = ±V3 

71 

<=>x = a + ka;vx = + —h k7r, k e Z (vái tga = 2) 
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Bái 132 : (Be thi tuyén sinh Bai hoc khói A, nám 2003) 

Giái phiídng trinh 

cos2x , 2 1. 0 t*\ 

cot gx - 1 =-+ sin x sin 2x * 

1 + tgx 2 ' ’ 


Biéu kién sin2x + 0 va tgx + -1 


Ta có : 


cos2x eos 2 x-sin x cosxlcos^x sin x 


1 + tgx 


1 + 


smx 

cosx 


cosx + smx 


= eos x (eos x - sin x) (do tgx = -1 nén, sin x + eos x + 0) 

COSX „ / 9 . \ .- 9 . 1 . 

sin x '2 

eos x - sin x 


Bo dó : (*) o-1 = (eos 2 x - sinxcosx) + sin 2 x-sin2x 

v ' °inx v ’ o 

= 1 - sin 2x 


<=> 


sin x 


<=> (eos x - sin x) = sin x (eos x - sin x) 2 
<=> eos x - sin x = 0 hay 1 = sin x (eos x - sin x) (**) 
tgx = l(nhán so vói tgx + -1) 

1 sin x 


<=> 


eos X cosx 

x = — + k7i, keZ 
4 


- tg 2 x (do eos x + 0) 


2tg 2 x - tgx + 1 = 0 (vo nghiém) 


<=> x = ^ + ku, k e Z (nhán do sin 2x + 0) 
Liíu y : có thé lám cách khác 
(* *) <=> 1 - ^sin2x + -^(1 - cos2x) =0 
<=> 3 = sin 2x + eos 2x 


<=> 


3 = y¡2 sin 


ó 7^3 

2x + — 

4y 


v 


: vó nghiém 


Bái 133 : Giái phiídng trinh sin 3x + eos 3x + 2 eos x = 0 (*) 


(*) <=> (3sinx - 4sin 3 x) + (4cos 3 x - 3 cosx) + 2cosx = 0 
<=> 3 sin x - 4 sin 3 x + 4 eos 3 x - eos x = 0 

Vi cosx = 0 khóng la nghiém nén chia hai ve phiídng trinh cho 
eos 3 x + Ota diídc 

(*) <=> 3tgx(l + tg 2 x) - 4tg 3 x + 4 - (l + tg 2 x) = 0 
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<=> -tg 3 x - tg 2 x + 3tgx + 3 = 0 
jt = tgx 

° [t 3 + t 2 - 3t - 3 = 0 
Jt = tgx 

^ j(t + l)(t 2 -3) = 0 

<=> tgx = -1 v tgx = ±\¡3 

71 71 

<=> x =-h k^ v x = ± —h k7r, keZ 

_4 _ 3 _ 

Bái 134 : Giái phiídng trinh 6sinx - 2 eos 3 x = ^sin^x.cosx 

2cos2x 


Diéu kién : eos 2x jt 0 <=> eos 2 x - sin 2 x jt 0 <=> tgx jt ±1 


Ta có : (*) <=> 


6 sin x - 2 eos x = 


10 sin 2x eos 2x eos x 


<=> 


2cos2x 

I cos2x + 0 

f 6 sin x - 2 eos 3 x = 5 sin 2x eos x 
[tgx + ±1 

J6 sin x - 2 eos 3 x = 10 sin x eos 2 x (* *) 

[tgX jt ±1 

Do cosx = 0 khóng la nghiém cüa (**), chia hai ve phiídng trinh (**) cho 
eos 3 x ta diídc 
6tgx 


(**) 


eos X 


- 2 = lOtgx 


<=> 


tgx jt ±1 

t = tgx vái t jt ±1 
6t(l + t 2 ) - 2 = lOt 


ít = tgx vói t Jt ±1 ft = tgx vái t Jt ±1 

° [3t 3 - 2t -1 = 0 ° [(t -1) (3t 2 + 3t + 1) = 0 

f t = tgx vái t + ±1 
<=> < ^ ^ : vo nghiém 


Bái 135 : Giái phiídng trinh sin x - 4 sin 3 x + eos x = 0(*) 


• Vi cosx = 0 khóng la nghiém nén chia hai ve" phiídng trinh cho cos 3 x thi 
(*) <=> tgx[l + tg 2 x) - 4tg 3 x + 1 + tg 2 x = 0 
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t = tgx 

-3t 3 +1 2 +1 +1 = O 
t = tgx 

(t-l)(3t 2 + 2t + l) = O 
<=> tgx = 1 


<=> 


<=> 


n 


<=> x = —h kn, keZ 

4 


Bái 136 : Giái phiídng trinh tgx sin 2 x - 2 sin 2 x = 3 (eos 2x + sin x eos x) (*) 


Chia hai ve cüa phiídng trinh (*) cho cos 2 x 
(*) <=> tg 3 x - 2tg 2 x = 


3(cos 2 x - sin 2 x + sinxcosxj 


eos x 


<=> tg 3 x - 2tg 2 x = 3 (l - tg 2 x + tgx) 

<=> tg 3 x + tg 2 x - 3tgx -3 = 0 
ít = tgx 


<=> 


t 3 + t 2 - 3t - 3 = 0 




t = tgx 

(t + l)(t 2 -3) = 0 
<=> tgx = -1 v tgx = ±V3 


71 71 

<=> x =-l-k7ivx = ± —l- k7T, k e Z 

4 3 


Bái 137 : Cho phetOns trinh 



(4 - 6m) sin 3 x + 3 (2m - 1) sin x + 2 (m - 2) sin 2 x eos x - (4m - 3) eos x = 0 (*) 

a/ Giái phiídng trinh khi m = 2 



b/ Tim m de phiídng trinh (*) có duy nhát mot nghiem tren 

[°’i] 



TC 

Khi x = —l- kíi thi cosx = 0 va sinx = +1 nen 
2 

(*) thánh : ±(4 - 6m) ± 3(2m - 1) = 0 

1 = 0 vo nghiem 

chia hai ve (*) cho eos 3 x ^ Othi 

(*) « (4 - 6m) tg 3 x + 3 (2m - 1) tgx (i + tg 2 x) + 2 (m - 2) tg 2 x - (4m - 3) (l + tg 2 x) = 0 
ít = tgx 




t 3 -(2m + l)t 2 + 3(2m-l)t-4m + 3 = 0(**) 
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ít = tgx 

j(t - 1) (t 2 - 2mt + 4m - 3) = O 


t = tgx 

a/ Khi m = 2 thi (*) thánh {. . , 9 > 

|(t - 1) (t 2 - 4t + 5) = O 

71 

<=> tgx = 1 <=> x = — + ku, keZ 
4 


b/ Ta có 


x e 



thi tgx = t e [0,1] 


Xét phifdng trinh : t 2 - 2mt + 4m - 3 = 0(2) 
<=í> t 2 — 3 = 2m(t - 2) 




t 2 -3 
t - 2 


= 2m (do t = 2 khóng lá nghiém) 
t 2 -3 


Bát y = f (t) = -——(C) va (d) y = 2m 


Ta có : y' = f (t) = 


t-2 

t 2 - 4t + 3 


(t-2) 2 


t, 


0 

1 

2 3 

y’ 

+ 

+ 

0 

0 + 

y 


3/ 

2 

2 



Do (**) luón có nghiém t = 1 e [0,l]trén yéu cáu bái toán 
(d)y = 2m khóng có diemchung vÓi(C) 
(d)cát(C)taildiemduy nhátt = 1 


o 2m < — v 2m > 2 

2 


om<-vm>l 

4 

Cách khác : 

Y C B T o f(t) =t 2 - 2mt + 4m - 3 = 0(2) vó nghiém trén [0,1). 

ÍA>0 


Ta có (2) có nghiém e [0,1]<=>/(0)./(l)<0 hay 


af(! 0)>0 
af( 1)>0 

0<-<l 

2 
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<=> (Am - 3) (2/72 - 2) < O hay 


777 2 - 4772 + 3>0 
4772 - 3 > O 
2m — 2 > O 

O < 772 < 1 


<=> — < 772 < 1 

4 


Do dó (2) vó nghiém tren [0,1)<=>/n<— haym>] hayf(\) = 0 


om<-vm>l 

4 
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BÁI TÁP 


1. Giái các phiídng trinh sau : 

a/ eos 3 x + sin x - 3 sin 2 x eos x = 0 
b/ sin 2 x(tgx + 1) = 3 sin x (eos x - sinx) + 3 

c/ 2 eos 2 x + eos 2x + sin x = 0 
1 - eos 3 x 


d/ tg x = 

1 - sin x 

e/ sin 3 x - 5 sin 2 x eos x - 3 sin x eos 2 x + 3 eos 3 x = 0 
f/ eos 3 x + sin x - 3 sin 2 x eos x = 0 
g/ 1 + tgx = 2V2 sin x 
h/ sin 3 x + eos 3 x = sin x - eos x 
k/ 3tg 2 x + 4tgx + 4 cot gx + 3 cot g 2 x + 2 = 0 
2 ^ 3(1 +sinx) q _ 2- n x 


m/ 3 tg l x - tgx + 


eos 2 X 


- 8cos (-) = 0 

4 2 


, smx + cosx 

n / -= 1 

sin2x 


2. Cho phifdng trinh : sin 2 x + 2 (m - 1) sin x eos x - (m + 1) eos 2 x = m 

a/ Tim m de phifdng trinh có nghiem 

b/ Giái phifdng trinh khi m = -2 (BS : m e [-2,1]) 
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CHÜCÍNG VII 

PHÚOÍNG TRINH LÚQÍNG GIÁC CHÚA CAN VA PHÚQÍNG 
TRINH LÚdNG GIÁC CHÚA GIÁ TRI TUYÉT DÓI 

A) PHÜCÍNG TRINH LÜCÍNG GIÁC CHÚA CAN 


Cách giái : 


Áp dung các cóng thiíc 
rr- ÍA > 0 

Va = Vb <=> \ <=> 

1A = B 


ÍB > 0 
[A = B 


Va =b <=> 


[b > o 

|a = b 2 


Ghi chú : Do theo phu’dng trinh chính ly da bó phán bád phircfng trinh liídng 
giác nén ta xii ly diéu kién B > 0 bang phiícíng pháp thu” lai va chúng tói bó 
các bái toán quá phiíc tap. 


Bái 138 : Giái phu'cfng trinh Vócosx - cos2x + 2sinx = 0(*) 


(*) <=> Vócosx - cos2x = -2sinx 
í sin x < 0 

<=> i 2 

[5cosx - cos2x = 4sm x 

[" sin x < 0 

^5 eos x — ^2 eos 2 x - l) = 4 (l — eos 2 x) 
[ sin x < 0 

2 eos 2 x + 5 eos x - 3 = 0 


<=> 


<» 


<» 


sin x < 0 


eos x = — v eos x = -3 (loai) 
sin x < 0 


x = ± — + k27t, k g Z 
3 

x = - — + k27t, k g Z 
3 


Bái 139 : Giái phifcfng trinh 

sin 3 x + eos 3 x + sin 3 x cot gx + eos 3 xtgx = V2sin2x 


Diéu kién : 
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cosx * 0 

sin 2x * 0 

< sin x * 0 <=> < <=> sin 2x > 0 

sin 2x > 0 

sin 2x > 0 1 

Lúe dó : 

(*) sin 3 x + eos 3 x + sin 2 x eos x + eos 2 x sin x = V2sin2x 
<=> sin 2 x(sinx + cosx) + eos 2 x(cosx + sinx) = V2sin2x 
<=> (sin x + eos x) (sin 2 x + eos 2 x) = V2sin2x 

fsinx + cosx > 0 

<=> i, x2 

(smx + cosx) =2sm2x 

' ( n \ f ( 

V2 sin x + — > 0 sin x + — > 0 

<=M v 4 ) <=M \ 4J 


(l + sin 2x = 2 sin 2x (sin 2x = 1 (nhán do sin 2x > 0) 

' ( K \ f ( 7 ^ 

sin x + — >0 sin x + — > 0 

<=> < 4 <=> < ^ 

7X K ^ 

x = —h k7t, keZ x = —l- m27i; v x =- 1 - m27t (loai), m e Z 

l 4 l 4 4 v ' ’ 


<=> x = — + m27i, m g Z 


Bái 140 : Giái phúcíng trinh ^1 + 8 sin 2x. eos 2 2x = 2 sin 3x + — (*) 

v 4 ) 


Ta có : (*) <=> 


sin 3x H— >0 
4 


1 + 8 sin 2x eos 2 2x = 4 sin" 3x H— 


sin 3x H— >0 
4 


1 + 4 sin 2x (l + eos 4x) = 21- cos( 6x + —) 


sin 3x + — > 0 

<=> < l 4 J 

1 + 4 sin 2x + 2(sin 6x - sin 2x) = 2(1 + sin 6x) 

f 71^ f 71 ^ 

sin 3x h— >0 sin 3x -\— >0 

4 l 4j 

<=> < v y <=> < v y 

sin 2x = — x = — + k7ivx = — + k7i, keZ 

l 2 l 12 12 

v . ( 71 ^ 

So lai vdi diéu kién sin 3x H— >0 

l 4 J 
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•Khi x = ——b k.7t thi 

12 


sm 


3x + — 
4 


= sin — + 3k7t = eos kn 

l 2 


1 ,(neu k chán)(nhán) 
-l,(neu k lé)(loai) 


5n 


• Khi x = — + kji thi 

12 


sm 


f n ^ 

3x + — 
4 


= sm 


A 


—+3k7T 

. 2 y 


= sm 


f n A 

-t-kit 


v 


2 y 

-l,neu kchán (loai) 
1, neu k le (nhan) 

7T i7T 

Do dó (*) x = — + m27i v x = — + (2m + l)jr,meZ 

W 12 12 V ’ 


T ... , v , Vi - sin 2x + Vi + sin 2x , 

Bai 141 : Giai phiTOng tnnh - : -= 4 eos x(*) 


smx 


Lúe dó : (*) <=> Vi - sin 2x + Vi + sin2x = 2 sin 2x 
( hién nhién sinx = 0 khóng la nghiem , vi sinx =0 thi VT = 2, VP = 0 ) 
¡2 + 2Vl - sin 2 2x = 4 sin 2 2x 
[sin2x > 0 

[ Vi - sin 2 2x = 2 sin 2 2x - 1 
[sin2x > 0 

\ 1 - sin 2 2x = 4 sin 4 2x - 4 sin 2 2x + 1 

1 


<=>< 






sin 2 2x > 

2 

sin 2x > 0 

sin 2 2x (4 sin 2 2x - 3) = 0 

• o 1 

sm 2x > —¡= 

V2 

. 9 V3 . _ -V3 

sm 2x = — v sm 2x = - 

2 2 

sm 2x > — 

2 


• „ V3 

<=> sm 2x = — 

2 

<=> 2x = — + k2jc v 2x = — + k27t, k e Z 
3 3 
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<=> x = — + kn: v x = — + k 7 i, k e Z 
6 3 

Chú y : Có the dita ve phtfdng trinh chiía giá tri tuyét dói 
/ [sin x #0 

(*)<=> ^, , , 

Neos x - sm x| + |cos x + sin x| = 2 sm 2 x 

<=> Icos x - sin x| + Icos x + sin x| = 2 sin 2 x 


Bái 142 : Giái phiídng trinh sin x + y¡3 eos x + Vsin x + y¡3 eos x = 2 (*) 


n 


_ sin 

Dát t = sin x + V3 eos x = sin x +-— eos x 

n 

eos 

3 


<=> t = 



f 


f 71 a ) 

— sin 


= 2 sin 

X + - 

n 1 

l 3 ; 


l 3 J 


(*)thánh t + yft = 2 

<=> yft = 2 -1 


[2 — t > 0 


t<2 


^ jt = 4-4t + t 2 ^ jt 2 -5t + 4 = 0 
ít < 2 

<=> \ <=> t = 1 

t = 1 v t = 4 


Do dó (*) 
<=> sin 


( 1 

Xl- 

3 J 


= — <=> x + — = — + k 27 i hay x + — = — + k 27 t, k e Z 
2 3 6 3 6 


<=> x = - — + k 2 rc v x = — + k 27 i:, keZ 
6 2 


Bái 143 : Giái phiídng trinh 

3^/tgx +1 ( sin x + 2 eos x) = 5 (sin x + 3 eos x) (*) 

Chia hai ve cüa (*) cho cosx ^ 0 ta difdc 
(*) <=> 3^/tgx + 1 (tgx + 2) = 5 (tgx + 3) 

Bat u = yj tgx + 1 vói u > 0 

Thi u 2 -1 = tgx 

(*)thánh 3u(u 2 + l) = 5(u 2 + 2) 

«- 3u 3 - 5u 2 + 3u -10 = 0 
<=> (u - 2)(3u 2 + u + 5) = 0 

<=> u = 2 v 3u 2 + u + 5 = 0(vó nghiem) 

Do dó (*) <=> y]tgx + 1 = 2 
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<=> tgx + 1 = 4 
<=> tgx = 3 = tga 


k Ti TI ^ 

vori-< a < — 

2 2 


x = a + k n,k <= Z 


Bái 144 : Giái phiídng trinh (Ví - cosx + Vcosx)cos2x = ^sin4x(*) 


(*) <=> (Vi - cosx + Vcosx jcos2x = sin2xcos2x 

ícosx>0 i - i - 

++ < hay Vi - eos x + Veos x = sin 2x 

|cos2x = 0 






eos x> 0 

n hay 

2x = —b kre, keZ 
2 


eos x> 0 

K , t K V r» ha y < 
x = —hk-,keZ 
4 2 




eos x> 0 

7 i 57 i hciy K 

x = ± —b hn; hay x = ±-b hn;, h e Z 

4 4 


eos x> 0 
sin 2x > 0 

[l + 2eosx)cosx = sin 2 2x 

cosx>0 
sin 2x> 0 

[l + 2 -\J{ 1 — eos x)cosx = sin 2 2x ( VT > 1 > VP) 

eos x> 0 
sin 2x > 0 
sin 2 2x = 1 
(l-cosx)cosx = 0 


n 


<=> x = + —b hn:, h e Z 
4 

Ísin2x = l Ísin2x = l 

hay < hay < 

[eos x = 0 (=> sin 2x = 0) [eos x = 1 (=> sin x = 0 => sin 2x = 0) 

<=> x = ± — + hn:, h e Z 
4 


Bái 145 : Giái phiídng trinh sin 3 x(l + cotgx) + eos 3 x(l + tgx) = 2Vsinxcosx (*) 


(*) <=> sin 3 x 


i 


sinx + cosx 


+ eos X 


V sm x J 


cosx + smx 


V cosx J 


= 2Vsi 


smx cosx 


<=> (sin x + eos x) (sin 2 x + eos 2 x) = 2>/sinxcosx 
fsinx + cosx > 0 




1 + sin2x = 2sin2x 


sm x + eos x > 0 

<=> i <=> <! 

sm 2x = 1 


sm 


k n^ 

x + — 
4 


n 


> 0 


x = — b k7t, k e Z 
4 
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sin 


^ n^ 

x + — 
4 


> O 




sin 


x + — = — + k7t, keZ 
4 2 


^ K ^ 

X + — 

4y 


> O 


x + — = — + h.2n hay x + — = — + h27i;, heZ 
4 2 4 2 

<=> x = — + h2jc,heZ 


Bái 146 : Giái phúdng trinh Vcos2x + V 1 + sin2x = 2Vsinx + cosx (*) 


Diéu kién cos2x > Ova sin 


( n \ 

x + — 
4 


> O 


Lúe dó : (*) <=> Veos 2 x - sin 2 x + V(cosx + sinx) 2 = 2Vcosx + sinx 

<=> eos 2 x - sin 2 x + (eosx + sinx)" + 2Vcos2x-J(cosx + sinx) 2 

= 4 (sinx + cosx) 

<=> eos x (eos x + sin x) + (sin x + eos x) Vcos2x = 2(sin x + eos x) 
sin x + eos x = 0 
eos x + V cos2x = 2 
tgx = -1 

Vcos2x = 2 - cosx(* *) 
tgx = -1 

eos 2x = 4 - 4 eos x + eos 2 x 
<=> tgx = -1 v eos 2 x + 4 eos x - 5 = 0 
<=> tgx = -1 v eos x = 1 v eos x = —5 (loai) 


<=> x = - — + k7ivx = k27i, k e Z 
4 

71 

Thit lai : • x = — + k7t thi eos2x = eos 
4 


^ n^ 


v 


= O(nhán) 


Va sin 


x + — 

V 4y 


= sink7r = O(nhán) 


x = k2n: thi cos2x = l(nhán) 


va eos 


x + — 

V 4 y 


= eos > O(nhán) 


re 


Do dó (*) <=> x =-hkn:vx = k2Tt, k e Z 

4 

Chú y : Tai (**) có thé dúng phiídng trinh lúOng giác khóng miíc 




Tim tai liéu Toán ? Chuyén nhó - www.toanmath.com 


í cos x + Vcos2x = 2 
sinx + cosx > 0 


<» 


cosx = 1 

cos 2x = 2 eos 2 x - 1 = 1 

sin x + cos x > 0 

icos x = 1 
<=> \ 

[sin x + cos x > 0 

Cách khác 


x = 2k7t,keZ 


(*) <=> Veos 2 x - sin 2 x + V( cosx + s i nx ) 2 = 2Vcosx + sinx 


<=> V(cos x + sin x).(cos x - sin x) + cos x + sin x) 2 = 2Vcos x + sin x 

[cos x + sin x> 0 

<=> cos x + sinx= 0 hay 
<=> tgx = - 1 hay 
<=> tgx = - 1 hay 


n 


<=> x =-h k7i, keZ hay 

4 


Veos x - sin x + ^(cos x + sin x) = 2 
cos x + sin x> 0 
2 cos x + 2Vcos 2x = 4 
cosx + sinx>0 
cos x + Veos 2x = 2 
|cosx = l 


[cos2x = l 


n 


x =-+ kji hay x = 2k7i, k e Z 

4 

( nhán xét : khi cosx =1 thi sinx = 0 va sinx + cosx = 1 > 0 ) 


BÁITÁP 

1. Giái phifdng trinh : 

a/ Ví + sin x + cos x = 0 

4x 9 
cos-cos x 

b / - 3 — = 0 

V 1 - tg 2x 

c/ sin x + V3 cos x = V2 + cos 2x + V3 sin 2x 
d/ Vsin 2 x - 2sinx + 2 = 2sinx - 1 

e/ 2V3sinx = — -V3 

2Vsin x -1 

sin 2 2x + eos 4 2x - 1 _ ^ 

Vsincosx 

g/ 8 cos 4x eos 2 2x + Vi - eos 3x + 1 = 0 
h/ Vsinx + sin x + sin 2 x + cos x = 1 
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k/ a/ 5-3 sin 2 x - 4 eos x = 1-2 eos x 
1/ cos2x = eos 2 x^l + tgx 

2. Cho phiídng trinh : 

vr + sin x + Vi - sinx = m eos x (1) 

a/ Giái phiídng trinh khi m = 2 
b/ Giái va bien luán theo m phiídng trinh (1) 

3. Cho f(x) = 3cos 6 2x + sin 4 2x + cos4x - m 

a/ Giái phiídng trinh f(x) = 0 khi m = 0 

b/ Cho g(x) = 2 eos 2 2xV3cos 2 2x + 1 . Tim tat cá các giá tri m de phiídng 

trinh f(x) = g(x) có nghiem. 

(DS : 1 < m < 0) 

4. Tim m de phiídng trinh sau có nghiem 

Vi + 2cosx + Vi + 2 sinx = m 

(DS : Vl + V3 < m < 2 V 1 + V 2 ) 

B) PHÜCNG TRINH LÜCÍNG giác chúa các tri tuyét dpi 


Cách giái : 1/ Mó giá tri tuvét ddi bang dinh nghñ 

2/ Áp dung 
• A = |B| <=> A = ±B 

.|a| = b«{ b -° «Í B 2 '° 2 «J 

11 [A = ±B [A 2 = B 2 1 

1 

í A > 0 j 
'A = B V ] 

"A < 0 

A = -B 


Bái 147 : Giái phiídng trinh 

cos3x 

= 1-V3sin3x (*) 


(*)« 






1 - V3 sin3x > 0 

| eos 2 3x = 1 - 2V3 sin 3x + 3 sin 2 3x 

sin 3x < ~^= 

V3 

1 - sin 2 3x = 1 - 2V3 sin 3x + 3 sin 2 3x 
1 


sin 3x < 


V3 


4 sin 2 3x - 2V3 sin 3x = 0 

sin 3x < ~^= 

V3 

sin 3x = 0 v sin 3x = 

2 

<» sin 3x = 0 




x = 


k7i 


k e Z 
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Bái 148 : 

Giái phiídng trinh 3 sin x + 2 

cosx 

-2 = 0(*) 

1 

1 

(*) 

1 <=> 2 cosx 

= 2-3 sin x 


<=> 






[2-3 sin x > O 

[4 eos 2 x = 4 - 12 sin x + 9 sin 2 x 

. . 2 
sin x < — 

3 

4 (l - sin 2 x) = 4 -12 sin x + 9 sin 2 x 
2 

sin x < — 

3 

13 sin 2 x - 12 sin x = 0 


<=> 


sin x < — 

3 

n • 12 

sin x = 0 v sin x = — 

13 

<=> sin x = 0 
<=> x = kxt,keZ 


Bái 149 : Giái phifdne trinh sinxcosx + 

sinx + cosx 

= 1! 

(*) 

1 


sin 


Bát t = |sin x + eos x| = V2 

Vói diéu kién : 0 < t < yÍ2 
Thi t 2 =1 + 2 sin x eos x 
t 2 -1 

Do dó (*) thánh :-h t = 1 

2 

<=> t 2 + 2t - 3 = 0 
ot = lvt = -3(loai) 

Vay (*) <=> l 2 = 1 + 2sinxcosx 
<=> sin2x = 0 

k7t i ™ 

<=> x = —, k e Z 

2 


^ 71 ^ 

X + — 

4 


Bái 150 : Giái phiídns trinh 

sinx - cosx 

+ 2sin2x = 1| 

(*) 

1 


Bát t = |sin x - eos x| (diéu kién 0 < t < y¡2 j 

Thi t 2 = 1 - sin 2x 

(*) thánh: t + 2 (l - t 2 ) = 1 

<=> 2t 2 - t - 1 = 0 

*»t = lvt = - — (loai dodiéukien) 
khi t = 1 thi l 2 = 1 - sin 2x 
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o sin 2x = O 

<=> x = —, k e Z 
2 


Bái 151 : Giái phuOne trinh sin 4 x - eos 4 x = 

sinx 

+ 

cosx (*} 

) 

(*)<=>! 

[sin 2 x + eos 2 x) 

[sin 2 x - eos 2 xj 

= 

sin x 

+ 

cosx 



o - eos 2x = |sin x| + |cos x| 
í-cos2x > 0 

O < I II I 

Icos 2x = 1 + 2|smx||cosx| 
ícos2x < 0 

jl - sin 2 2x = 1 + |sin 2x| 

ícos2x < 0 

, 2 

I sm2x| = -sm“ 2x 

ícos2x < 0 

<=> < 

|sm2x = 0 
ícos2x < 0 

<=> < <=> cos2x = -1 

[eos 2 2x = 1 

<=> x = — + kre, k e Z 
2 


Bái 152 : Giái phiídng trinh y¡3 sin 2x - 2 eos 2 x 

= 2>/2 + 2cos2x (*) 

1 

Ta có : | 

(*) 

1 <=> 2>/3 sin x eos x - 2 eos 2 x = 2^ 

12 + 21 

[2 eos 2 x - 1 

) 


<=> cosx 


V3 . 1 

— sinx-cosx 

2 2 


= cosx 


<=> cosx.sin 


x - 

v 6 y 


= cosx 



cosx > 0 


cosx < 0 

<=> cosx = 0v< 

1 

f 71 ^ 

v < 

l 

f 71 ^ 


sin 

X - 

= 1 

sin 

X - 



V 6y 



l 6 J 


= -l 


<=> eos x = 0v 


71 


eos x > 0 

7T 71 V “i 

x-= —b k27i, k e Z 

6 2 


cosx < 0 


x - — = - — + k27i, k e Z 
6 2 


x = —b k7t, keZv 


eos x > 0 

x = — + k27t, k e Z 
3 


cosx < 0 


71 


x =-b k27t, k e Z 

3 


71 


x = —b k7i, k e Z 
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Bái 153 : Tim các nghiém tren (0, 2n) cüa phiídng trinh : 

sin 3x - sin x 


V1 - cos2x 


= sin 2x + eos 2x (*) 


_ . 2cos2xsinx nr 

Ta co : (*) <=>---— = V2 

V2 sin x 

Diéu kién : sin x ^ 0 <=> x ^ k7i 
• Khix g (0,7i)thisin x > Onén : 

(*) <=> V2cos2x = V2cos 


eos 


f n \ 

2x - — 


í 

2x - — 


v 


-■) 


<=> 2x = ± 


f ^ 
2x - — 

V 4y 


+ k2 n, k g Z 


<=> 4x = — + k27t, k e Z 
4 

n k7t , 

<=> x =-1-, k e Z 

16 2 

Do x e (0,7t) nén x = — hay x = — 
v ’ 16 16 

Khi x e (71,2a:) thi sinx < 0 nén : 


(*) <=> -cos2x = eos 


<=> eos (71 - 2x) = 


2x - — 
v 4 

f 


eos 


2x - — 

4 y 


<=> 2x — -^ = + (71 — 2x) + k27r, k e Z 

<=> 4x = — + k27t, k e Z 
4 

5ti k7i _ 

<=> x =-1-, k g Z 

16 2 

p. ( o \ - 21n 29k 

Do xg (n,2n) nen x =-vx =-• 


16 


16 


Bái 154 Cho phiídng trinh : sin 6 x + eos 6 x = a |sin 2x| (*) 
Tim a sao cho phiídng trinh có nghiém. 


Ta có : 


sin 6 x + eos 6 x = (sin 2 x + eos 2 x) (sin 4 x - sin 2 x eos 2 x + eos 4 x ] 


; )( sii 
l) - 3 sil 


= 1-sin 2x 

4 

Dát t = Isin2x| diéu kién 0 < t < 1 


= (sin 2 x + eos 2 x) -3sin 2 xcos 2 x 
3 . 2 
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thi (*) thánh : l--|t 2 = at (* *) 


1 3 

<=> — - — t = a (do t = 0 thi (**) vo nghiém) 


Xéty = —- — t tren D = (0,1] 
t 4 

thi y' = - — <0 

t 2 4 


t 


0 1 

y’ 


- 

y 


feo 



1 


4 


Do dó : (*) có nghiém <=> a > — • 

4 


Bái 155 

Cho phiídng trinh eos 2x = m eos 2 XyJ 1 + tgx 

(*) 


Tim m dé phifOng trinh có nghiém tren 

i 

o 

co | s 

1_ 



Bát t = tgx thi 

Vay : (*) thánh: 1 - t 2 = mVlTT (* *) (chia 2 ve cho eos 2 ^ 0) 


n 


Khi 0 < x < — thi te 

3 


0,V3~ 


Váy (**) <=> m = —/=== = ^ ^j^ = (l-t)VTTt 

VTTt VTTt v ’ 

Xét y = (1 - t) Vi + t tren 0, V3 


Ta có 


y = 


<=> y 




2>/l + t 


-3t -1 
2y/l + t 


< 0 Vt e 


2Vl + t 

0 , y/3 


t 

0 V3 

y’ 




y 


L 

h- 1 

1 

oSl 

+ 

col 
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Do dó : (*) có nghiém tren 



<=> {l-yf3)y¡l + yÍ3 


< m < 1 • 


BÁITÁP 


1. Giái các phifdng trinh 

a/ |sin x - cox| = 1-4 sin 2x 

b/ 4 sin x + 3 |cos x| = 3 
c/ Itgxl = cotgx + 1 


cosx 


d/ 


sinxvl-cosx 1 + cosx 
1 


- V2 = -y¡2 


^ 1 + 3 eos 2 x^ 


sin x 


e/ |cot gx| = tgx + 

¡cosx - |sins 
Vi + cosx + Vi - cosx 


smx 

f/ 2cosx - Isinxl = 1 


g/ 


h/ 


cosx 


Vi - cos2x _ ^ 


í 


smx 


= 4 sin x 


A 


cosx — 


V 


•J 


m 1 V cos2x + Vi + sin2x = 
n/ |cosx| + sin3x = 0 
r/ Icotgxl = tgx + —^ 


sin 3 x + eos 3 x 


smx 

s/ |cos x + 2 sin 2x - eos 3x| = 1 + 2 sin x - eos 2x 
o/ , tg2x , =|tgx + l| + 1 


|tgx -1 


|tgx -1 


p/ |sin x - eos x| + |sin x + eos x| = 2 

2 . |sin x + eos x| + a sin 2x = 1 

Tim tham so" a difcfng sao cho phiídng trinh có nghiém 

3. Cho phiídng trinh: |sin x - eos x| + 4 sin 2x = m 

a/ Giái phifdng trinh khi m = O 


65 


b/ Tim m dé phifcfng trinh có nghiém (DS V2 - 4 < m < —) 

16 
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CHÜCÍNG VIII 

PHÜOÍNG TRINH LÜOÍNG GIÁC KHÓNG MÁU MÜC 



Ta có: 

(*)<=> ^2 eos x - V3j + (V3tgx + l) =0 



Tacó: (*) <s> 4 cos4x(l + cos4x) + 1 + VÍ-cos3x = 0 
<=> (4 eos 2 4x + 4 eos 4x + 1) + V 1 - eos 3x = 0 
<=> (2 eos 4x + l) 2 + Vi - eos 3x = 0 

f . 1 í . 1 

eos 4x = — eos 4x = — 

<=> < 2 <=> i 2 

eos 3x = 1 3x = k2n, keZ 



1 

2 

k e Z (có 3 dáu ngon cung) 
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cos4x = — 

o 2 

2 K 2 ti 

x = - +m2n hay x = m2n hay x = — + m2n , m e Z 

3 3 

271 

<=> x = ±-1- m27T;, m e Z 

3 

(ta nhan k = ±1 va loai k = 0 ) 


Bái 158 Giái phifdng trinh: 

sm 2 \ 

sin 2 x H-(eos 3xsin 3 x + sin 3xeos 3 x) = sin xsin 2 3x (*) 

_ 3sin4x v _ [ _ v ’ 

Tacó: eos 3x. sin 3 3x + sin 3x. eos 3 x 

= (4 eos 3 x - 3 eos x) sin 3 x + (3 sin x - 4 sin 3 x) eos 3 x 

= -3 eos x sin 3 x + 3 sin x eos 3 x = 3 sin x eos x (eos 2 x - sin 2 x) 

3 . 0 3 . 

= — sm 2x. eos 2x = — sm 4x 
2 4 

Vay: (*) <=> sin 2 x + ~ sin 2 3x = sin x sin 2 3x va sin 4x^0 

^ ( 1 1 1 •„ 2 _ n„x . 


<s> — sin 3x - sin x sin 3x H— sin 3x = 0 va sin 4x * 0 

{2 ) 4 4 

i 2 1 Y 1 9 \ 

<s> — sin 2 3x-sinx + — sin 2 3x(l - sin 2 3x) = 0 va sin4x ^ 0 

U J 4 1 > 

í 1 y 1 

<=> — sin 2 3x-sinx H-sin 2 6 x = 0vá sin4x^0 

U J 16 

sin4x 56 0 

1 . 2 o 

<=> < — sm 3x = sm x 
2 

sin 3x = O v eos 3x = O 


Ísin4x jt O 


Ísin4x * O 


<=> < sin 3x = O v < — = sin x 

2 

sin x = O (VN) . o , ■1 
L [sm 3x = ±1 

Ísin4x * O 


<=> < sm x = — 

2 

3 sin x - 4 sin 3 x = ±1 
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O 


sin 4x * O 


sm x = — 
2 




sin4x * O 
n 
6 


x = — + k27i: v — + k27t, k e Z 


<=> x = — + k27t v x = — + k27t, keZ 
6 6 


Trü’ófng htfp 2 


Phiíoíng pháp do i la p 

ía < m < b , v 

Neu ■ thi A = B = M 

] A = B 


Bái 159 Giái phifdng trinh: sin 4 x - eos 4 x = 

sin x 

+ 

eos X 

(*) 


Ta có: (*) <=> sin 2 x - eos 2 x = |sin x| + |cos x| 

<=> - eos 2x = |sin x| + |cos x| 
feos 2x < 0 

Icos 2x = 1 +2 smx cosx 

feos 2x < 0 feos 2x < 0 

<=> < „ . . <=> <! 

\- sin" 2x = 2|sin2x| [sin2x = 0 (eos2x = ± 1) 

<=> eos 2x = -1 

71 

<=> x = —l- k7r, keZ 

2 

Cách khác 

Ta có sin 4 x - eos 4 x < sin 4 x < |sin x| < |sin x| + |cos x| 
cosx = 0 


Do dó (*) «■ 


n 


, <» eos x = 0<»x = — + k7i, k e Z 


sin x=smx 


Bái 160: Giái phifdng trinh: (cos2x - cos4x) 2 = 6 + 2sin3x (*) 


Ta có: (*) <=> 4sin 2 3x.sin 2 x = 6 + 2sin3x 

• Do: sin 2 3x < 1 va sin 2 x < 1 

nén 4 sin 2 3xsin 2 x < 4 

• Do sin3x>-l nen 6 + 2sin3x>4 
Vay 4 sin 2 3x sin 2 x < 4 < 6 + 2 sin 3x 

Dá"u = cüa phifdng trinh (*) dúng khi va chí khi 
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sin 2 3x= 1 
< sin 2 x = 1 <=> 
sin 3x = -1 


Jsin 2 x = 1 
[sin 3x = -1 




n 


x = ± — + k2n,keZ n 

2 <=> x = — \-k2n, keZ 

sin 3x = -1 


pnc v — qit'| X 

Bái 161 Giái phifdng trinh: , - ,- = 2cos2x(*) 

Vsinx + vcosx 

Diéu kien: sin x > 0 a eos x > 0 
Ta có:(*) 

<=> (cosx - sinx)(l + sinxcosx) = 2(cos 2 x - sin 2 x)(Vsinx + Vcosxj 
cosx-sinx = 0 (1) 

1 + sin x eos x = 2 (eos x + sinx) (Vsin x + Veos x j (2) 

71 

Tacó: • (1) <=> tgx = 1 <=> x = — + krt, keZ 

4 


• Xét (2) 

Ta có: khi sinx > 0 thi y /sinx > sinx > sin 2 x 
Tiídng ttf Veos x > eos x > eos 2 x 

Váy sinx + cosx >1 vá Vsinx + Veosx > 1 

Suy ra ve phái cüa (2) thi > 2 

1 3 

Má ve trái cüa (2): 1 + —sin2x< — 

2 2 


Do dó (2) vó nghiém 
Váy: (*) <íí>x = -^- + kn, k e Z 


Bái 162: Giái phifdng trinh: y¡3 - eosx - Veosx + 1 = 2 (*) 


Tacó:(*) <=> y[3 - eos x = 2 + Veos x + 1 

<s> 3 - eos x = 5 + eos x + 4Vcosx + 1 
<=> -2(cosx + 1) = 4Vcosx + 1 
Ta có: -2(cosx + 1) < 0Vx 

má 4Vcosx + 1 > 0 Vx 

Do dó dáu = cüa (*) xáy ra <=> cosx = -1 

<=> x = k + k2n , k e Z 
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Bái 163: Giái phiídng trinh: 

eos 3x + - eos 2 3x = 2 (l + sin 2 2x) (*) 


Do bát dang thiíc Bunhiacopski: 

|AX + BYl < Va 2 + B 2 .Vx 2 + Y 2 


nen: 


lcos3x + 1 V 2 - eos 2 3x < V2.^cos 2 3x + (2 - eos 2 3x) = 2 
Dáu = xáy ra <=> cos3x = V2 - eos 2 3x 


cos3x > 0 

eos 2 3x = 2 - eos 2 3x 
cos3x > 0 


cos3x = ±1 


<=> cos3x = 1 


Mátkhác: 2(l + sin 2 2x) > 2 


dáu = xáy ra <=> sin2x = 0 

Váy: eos3x + ^2 - eos 2 3x < 2 < 2 (l + sin 2 2x) 

dáu = cüa (*) chí xáy ra khi: 
eos 3x = 1 a sin 2x = 0 

icos 3x = 1 




k.7C v 

x = — ,keZ (có 4 dáu ngon cung) 
2 


<=> x = 2mn ,m e Z 


Bái 164: Giái phiídng trinh: tg 2 x + cotg 2 x = 2sin 5 


7tA 

X + — 

4y 


(*) 


Diéu kién: sin2x ^ 0 

• Do bát dang thiíc Cauchy: tg 2 x + cotg 2 x > 2 
dáu = xáy ra khi tgx = cotgx 


Mát khác: sin 


X + — 

v 4 j 


< 1 


nén 2 sin 5 


7tA 

X + — 

4 y 


< 2 


dáu = xáy ra khi sin 


^ 7lA 
X + — 

4 


= 1 


Do dó: tg 2 x + cotg 2 x > 2 > 2 sin 5 


f 


Dáu = cu a (*) xáy ra <=> 


n 

x + — 

V 4 y 

tgx = cotgx 


sin 


í n \ 

x + — 

4 j 


= 1 


v 
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tg 2 x = 1 

■tí* * Jl 

x = —i- k27t ,k £ Z 
[ 4 

71 

o x = —b k27r, k e Z 
4 


Triidng hcfp 3: 

/ 

Ap dung: 


Neu 


JA < M vá B < M 
[A + B = M + N 


thi 


Ja = m 
{b = N 


sinu + sinv = 2 <=> 


ísinu = l 
[sin v = 1 


sin u - sin v 


2 


f sin u = 1 
[sin y = -1 


sin u + sin v = - 2 <=> 


f sin u = -1 
[sin v = -1 


Tifcfng tií cho các triídng hcfp sau 
sinu+cosv - ±2 ; cosu+cosv - ±2 


3x 

Bái 165: Giái phiídng trinh: cos2x + eos—- 2 = 0(*) 


3x 

Tacó: (*) <» cos2x + eos— = 2 

V ’ 4 

3x 

Do cos2x < 1 vá eos— < 1 

4 

nén dau = cüa (*) chí xáy ra 




Do 


eos 2x = 1 

3x , < 

eos— = 1 
4 


(x = kn ,k e Z 


x = 


8h.7T 


h. £ Z 


x = 8nm, m £ Z 


, 8h7T , 8h 

k7i =-<=> k = — 

3 3 


dé k nguyén ta chon h = 3m (m e Z) (thi k = 8m) 
Cách khác 

í eos 2x = l [x = k7i,keZ 

<=> l 3 k 7 i _ x = 8m7t, m £ Z 


3x 

eos — = 1 
4 


eos 


=1 


Bái 166: Giái phiídng trinh: 

cos2x + cos4x + cos6x = cosx.cos2x.cos3x + 2(*) 
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eos 2x + eos 4x + eos 6x =2 eos 3x eos x + 2 eos 2 3x -1 

= 2cos3x(cosx + cos3x) -1 
= 4 eos 3x. eos 2x. eos x - 1 

Vay: cos3x.cos2x.cosx = ^(cos2x + 6cos4x + cos6x + 1) 
Do dó: 


(*) <=> eos 2x + eos 4x + eos 6x = — (cos2x + eos 4x + cos6x) + 

<=> ^ (eos 2x + eos 4x + eos 6x) = ^ 

<=> eos 2x + eos 4x + eos 6x = 3 

eos 2x = 1 2x = k2n, keZ (1) 

<=> < eos 4x = 1 <=> < eos 4x = 1 (2) 

cos6x = l (cos6x = l (3) 

<=> 2x = k2jr, keZox = k7i, keZ 

_ ( The (1) váo (2) vá (3) ta tháy hién nhién thoa) _ 

Bái 167: Giái phiídng trinh: 

cos2x-V3sin2x-V3sinx-cosx+4 = 0(*) 


Ta có: 

oí 1 o V3 . 0 ) (S . 1 

* <=> 2 = —cos2xh -sin2x + —smxH—cosx 

w 2 2 2 2 


o • í o ] . K 

<=> 2 = sin 2x-+ sm x h— 


sin 2x - — - 1 2x-= —h k27t, keZ 

l 6 ) 6 2 

«• \ , , « 

sin x + — =1 x + — = — + h2n, h e Z 

l 6) l 6 2 


x = —l- kn, keZ 

<=> < ^ <=> x = — + hn;, heZ 

x = — + h27r, heZ ^ 

l 3 

Cách khác 

f 71'i f ( ttA 

sm 2x - — = 1 sin 2x - - = 1 

v oy 16, 

(*) <=> \ o \ v 

■ n i -i 7i n i _ i ^ 

sm x + — =1 x + —= —+ h27r, h e Z 

l 6 l 6 2 


O | 
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<=> 


sin 


r n \ 

2x - — 

v 6y 


= 1 


n 


<=> x = —b hn, heZ 
3 

x = — + h27t, h g Z 
3 


Bái 168: Giái phúdng trinh: 4cosx - 2cos2x - cos4x = 1(*) 


Ta có:(*) <=> 4cosx - 2 (2 eos 2 x - l) - (l - 2 sin 2 2x) = 1 

<=> 4cosx - 4 eos 2 x + 8 sin 2 x eos 2 x = 0 

<=> eos x = 0 hay 1 - eos x + 2 sin 2 x eos x = 0 

<»cosx = 0hay 1 + eos x(2sin 2 x - l) = 0 

<=> eos x = 0 hay 1 - eos x eos 2x = 0 (* *) 

<=> eos x = 0 hay 1 - ^ (eos 3x + eos x) = 0 

<=> eos x = 0 v eos 3x + eos x = 2 
eos 3x = 1 

eos x = 1 
icos X = 1 

[4eos 3 x-3cosx = 1 
<=> eos X = 0 v eos X = 1 


<=> eos X = 0 V «j 
<=> eos x = 0 <s> 


<=> x = — + k7ivx = k2n,k g Z 
2 

Cách khác 

(* *) <=> eos x = 0 hay eos x eos 2x = 1 

ícosx = l ícosx=-l 
<=> eos x = 0v v < 

[cos2x = l [cos2 x=-l 

7 t íx = k27i, k g Z íx = n + \z2n, k e Z (loai) 

<=> x = — b k7i, keZv v < 

2 [cos2x = l (cos2 x=-l 

71 

X =- bk7tvx = k27T, k G Z 

_2 

Bái 169: 


Giái phifdng trinh: 
tg2x + tg3x + — 


sinxcos2xcos3x 


= »(*) 


Diéu kién: sin 2xeos 2xeos 3x ^ 0 
Lúe dó: 

sin2x sin3x 1 

(*) <=>-+-+-= 0 

cos2x cos3x sinx.cos2x.cos3x 

<=> sin 2x sin x eos 3x + sin 3x sin x. eos 2x + 1 = 0 
<=> sinx(sin2xcos3x + sin3xcos2x) + 1 = 0 
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<=> sinx.sin5x = -1 


<s> - — (cos6x - cos4x) = -1 

<=> eos 6x - eos 4x = 2 

t = cos2x 


(cos6x = 1 
I cos4x = -1 


<» 


4t 3 - 3t = 1 <» 
2t 2 - 1 = -1 


Do dó: (*) vó nghiém. 
Cách khác 

<=> sin x. sin 5x = -1 <=> 


t = cos2x 
4t 3 - 3t = 1 
t = 0 


sinx = -l 


| sin x = 1 

hay - 

sm5x = -l [sin5x= 1 


í si 




n 


x = —h k27t, keZ . 

2 hay 


[sin5x = -l 

<=>xe0 


x = — — + k27r, keZ 
2 

sin5x= 1 


Bái 170: Giái phiídng trinh: eos 2 3x.cos2x - eos 2 x = 0(*) 


Ta có: (*) <=> i(l + cos6x)cos2x - ^(1 + cos2x) = 0 
<=> eos 6x eos 2x = 1 


<=> — (eos 8x + eos 4x) = 1 

<=> eos 8x + eos 4x = 2 

icos 8x = 1 

<=> < 

[cos4x = 1 

2 eos 2 4x - 1 = 1 
cos4x = 1 

eos 2 4x = 1 
cos4x = 1 
<=> cos4x = 1 
<=> 4x = k27r, keZ 

<tí> x = —,k e Z 

2 


<=> 


<=> 


Cách khác 

<=> cos6xcos2x = 1 

feos 2x = 1 
« „ hay- 

[eos 6x = 1 


eos 2x = -1 
eos 6x = -1 
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Í2x = k2n, ke Z (2x = n + k2n, ke Z 
<=> < hay < 

[cos6x = l [cos6x = -l 

x = —,k e Z 
2 

Cách khác 

[cos8x = l ícos8x = l 

jcos4x = 1 [4x = k27t, keZ 

kíi , _ 

<=> x = —,k e Z 

2 


TrUctng hcfp 4: DUNG KHAO SAT HAM SO 

y = a x la hám giám khi 0< a <1. 

Do dó ta có 

71 

n > m, Vx ^ —h kn, k^TL 

2 

\ / . TC i i m 


sinx m 

< 

sinx ' 

cosx | m 

< 

cosx 

• I m 

sinx 

< 

sin x " 

1 tn 

cosx 

< 

|co s x| 


Bái 171: 

x 2 

Giái phifcfng trinh: 1-= cosx(*) 

2 

Ta có: 

x 2 

(*)<=> 1 =-b COSX 

V ’ 2 

Xét 

x 2 

y =-hcosx tren R 

2 

Ta có: 

y 1 = x - sin x 

vá 

y " = 1 - eos x > 0 Vx e R 

Do dó y’(x) la hám dóng bien tren R 

Váy 

Vx g (0,oo) : x > 0 nén y'(x) > y'(0) = 0 


Vx g (-oo,0) : x < 0 nén y'(x) < y'(0) = 0 

Do dó: 


X 

— oo 0 +oo 

y’ 

- 0 + 

y 


Váy : 

x 2 

y =-h eos x > 1 Vx e R 

2 

Dá'u = 

cüa (*) chí xáy ra tai x = 0 

Do dó 

(*)<=> x = 0 • 
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Bái 172: Giái phiítfng trinh 

sin x + sm x=sm x + sin x (*) 

Ta có 

[sin 4 x >sin 8 x va da\i=xáy ra khi va chí khi sin 2 x = lhay sinx =0 
[ sin 6 x>sin 10 x va dali=xáy ra khi va chí khi sin 2 x = 1 hay sinx =0 
o sin'x = 1 v sinx = 0 

7T 

o x = ± —i- k2n v x = k2n, k^Z 
2 

Cách khác 

(*) <=> sin 4 x = 0 hay 1 + sin 2 x = sin 4 x +sin 6 x 
<=> sinx = 0 hay sin 2 x = l 


BÁITÁP 


Giái các phu’tfng trinh sau 

1. lg(sin 2 x) -1 + sin 3 x = 0 

2. sin 4x - eos 4x = 1 + 4x/2 sin 


íx 


v 


4 ) 


3. 

4. 

5. 

6 . 

7. 

8 . 

9. 

10 . 

11 . 

12 . 

13. 

14. 

15. 

16. 

17. 

18. 


sin 2 x H— sin 2 3x = sin x. sin 2 3x 


7t SuWx = COS X 


2 eos x + y¡2 sin lOx = 3x/2 + 2 eos 28x. sin x 

(eos 4x - eos 2x) 2 = 5 + sin 3x 

sin x + eos x = x/2(2 - sin 3x) 

sin 3x(eos 2x - 2 sin 3x) + eos 3x (1 + sin 2x 

tgx + tg2x = - sin 3x eos 2x 

2 log a (cot gx) = log 2 (eos x) 


= eos x vOi x e 


0 ,- 

2 


2cos3x) = 0 


eos 13 x + sin 14 x = 1 
eos 2x - eos 6x + 4 (sin 2x + 1) = 0 
sin x + eos x = V2(2 - eos 3x) 
sin 3 x + eos 3 x = 2 - sin 4 x 

eos 2 x - 4 eos x - 2x sin x + x 2 + 3 = 0 
2 l smx l _|_ | s i n x | = sin 2 x + eos x 

3 cot g 2 x + 4 eos 2 x - 2>/3 cot gx - 4 eos x + 2 = 0 
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CHÜCÍNG IX 


HÉ PHlídNG TRÍNH LÜCÍNG GIÁC 


I. GIAI HE BANG PHEP THE 




2 eos x - 1 = 

0(1) 

Bái 173: 

Giái he phifcJng trinh: < 

V3 

( 2 ) 



sin2x = — 

l 2 


Ta có: (1) <=> cosx = — 


<=> x = ± ^ + k2ft (k e Z) 


n 


Vdi x = —h k27i thay váo (2), ta diídc 

3 


sin2x = sin 


— + k4n 
v 3 

n 


A 


V3 


Vdi x = - + k27i thay váo (2), ta diídc 

3 


sin 2x = sin 


f 


271 


-h k47i 

V 3 


A \Í3 \Í3 

= - ^ - loai) 

) 2 2 


7t 


Do dó nghiém cüa he la: x = — + k2n,keZ 



sin x + sin y = 1 

Bái 174: Giái he phiícfne trinh: < 

71 

x + y = — 
l 3 



Cách 1: 


He da cho <=> 


n . x + y x - y 1 
2 sin —. eos — = 1 


n 

x + y = — 
3 




„ . n x - y . 
2.sm —.eos-= 1 




x + y = 


71 


x - y ^ 
eos-— = 1 


71 

x + y = — 
3 
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X — V , _ c ., 71 7 

- — = k2n x-y = 4kn x = — + k2n 

<=> < ^ <=> < -ji <=> < ^ (£eZ) 

7T X + V = — 71 , - 

x+v = — [ • 3 v =- a:27t: 

3 16 


Cách 2: 

He da cho 


n 

v = -x 

' 3 


n 

v = - x 

• 3 


sinx + sin — — x =1 —cosx + —sinx = l 


n 

v =- x 

' 3 

. f n 'i 
sin — + x =1 


n 

v =- x 

• 3 

n n 

— + x = — + k2n 
13 2 


X = —+ Á'27T 

<=> < ^ A: e Z 

v = --k2n 
{- 6 


Bái 175 : Giái he phiídng trinh: 


sinx + sin y = V2 (1) 
cosx + eos y = V2" (2) 


Cách 1: 


He da cho <=> 


„ . x + y x-y rx ..., 
2sm-— eos-— = v2 (1) 


2cos^cos^ = V2(2) 

l 2 2 


Láy (1) chia cho (2) ta diíOc: 

tg X + y =1 (doeos ——— = 0 khong la nghiem cüa (1) vá (2) ) 
V 2 ) 2 

x+ v n . 

<=>- — = — + kn 

2 4 

<=> x + v = — + /t2tt: <=> v = — - x + k2n 
' 2 ' 2 

(7t > r - 

thay váo (1) ta difOc: sin x +sin-x + k27t = y2 

- 2 > 


<=> sm x + eos x 


= V2 
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Cách 2: Ta có 


ÍA = B ÍA + C = B + D 

Jc = d^Ja-c = b-d 
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Ta có: tgx - tgy = 1 + tgxtgy 


tg(x-y) = 1 
1 + tgxtgy * O 


1 + tgxtgy = O 
v < tgx - tgy = O 
1 + tg 2 x = O (VN) 


71 71 

<=> x - y = — + kn (keZ), vdi x,y ^ — + kn 
4 2 


ox = yn-h kft, 

4 


vdi x, y ^ —(- kíi 
2 


I — í 71 i 

Thay váo (2) ta diídc: cos2y + V3 eos 2y + — + k27t =-1 

- 2 y 


<=> eos 2y - V3 s/«2y = -1 


7 t^ 1 


. 1 1 . Ji 1 

— sin2y —cos2v = — <^> sm 2v-= — 

2 '2 '2 l 6) 2 

<=> 2y -^ ^ + h2n hay 2y-^ = ^- + h2n (/? e Z) 

71 71 

y = — + hn, he Z hayy = — + hn, he Z (loai) 

6 2 

Do do: 


He da cho <=> 


x = ^- + (k + h,y. 

y = — + hn 
[' 6 


(h,k eZ) 



Láy (1) + (2) ta difd c: sin 3 x + eos 3 x = 0 
<=> sin 3 x = - eos 3 x 

<=> tg 3 x = -1 
<=> tgx = -1 

x = — — + k7i (k e Z) 

4 

Thay váo (1) ta diídc: 

sin y = eos x - eos 3 x = eos x (l - eos 2 x) 


= eos x. sin 2 x = — sin 2x sin x 
2 
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(neu k chan) 
4 

-^-(neu k le) 

4 


V2 


Dát sina = — (vdi O < a < 2n) 


Váy nghiém he 


n 


x =-1- 2mn, m e Z 

4 

y = a + h2n, h e Z 
y = n - a + h.2n, heZ 


v < 


x = - ^ + (2m + 1) n, m e Z 

y = -a + 2h7i, heZ 
y = n + a + h27i;, heZ 


II. GIÁI HÉ BANG PHÜOÍNG PHÁP CÓNG 




í • 1 

sin x.cosy = — 

(O 

Bái 178: 

Giái he phiídng trinh: < 

2 



tgx.cotgy = 1 

(2) 


Diéu kién: cosx.siny^O 


Cách 1: He da cho <=> 


<=> 


|[sin(x + y) + sin(x-y)] = -| 


sin x.cosy 


-1 = 0 


<=> 






[ eos x. sin y 

[sin (x + y) + sin (x - y) = -1 
[sin x eos y - sin y eos x = 0 
sin(x + y) + sin(x - y) = -1 
sin(x - y) = 0 
sin (x + y) = -1 
sin (x - y) = 0 

x + y = - — + k27t, keZ 
2 

x - y = hn, h e Z 
x = — — + (2k + h) —, k,heZ 

y = “ + (2k - h)^, k,he Z 


(nhán do sin y eos x * 0) 
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sin x ros v 

Cách 2 : (2) <=>-— = 1 o sin x eos y = eos x sin y 

eos x sin y 


The (l) váo (2)ta diídc: 


sin x eos y = 


eos x sin y 


sin(x + y) = -1 
sin(x-y) = 0 


0) + (4) 
(3)-W 


x + v =- \-k2n,k e Z 

<=> < 2 

x - y = hn, he Z 

x = -h(2 k + h) — 

<=> < ^ 2 ( h,keZ ) 

' V = “f + ( 2Á: “ /2 )f 


III. GIAI HE BANG AN PHU 


Bái 179: Giái he phiídng trinh: 

í 2^3 

tgx + tgy = —— 


cotgx + cotgy = 


-2>/3 


X = tgx, Y = tgy 

x + Y = zS 


X + Y = 


He da cho thánh: 


1 1 _ 2^3 Y + X 2V3 

X + Y 3~~ [ YX “ 3~~ 


Íx + Y = M 

<=> j 3 <=> j r 

XY = -1 X 2 -^-X-l = 0 

3 


X = V3 


0 y = _V3 v 

3 


x-^ 

3 

Y = y¡3 


Do dó: 
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He da cho : <=> \ 


tgx = ^3 

t & ví 
tgy = ”T 


tgx = - 


V3 


tgy = V3 




n 


x = — + kn,k e Z 
3 




n 


v = -1- hn, he 7L 

6 


n 


x = - \-kn,k e 7L 

6 


7t 


v = — + hn, he Z 
3 



í • • 1 

Bái 180: Cho he phiídng trinh: < 

oin x ¡sm y — — 

2 


cos2x + cos2y = m 

a/ Giái he phiídng trinh khi m = - — 

2 

b/ Tim m de he có nghié 

m. 


He da cho <=> < 


sm x + sin y = — 
2 


(l - 2 sin 2 x) + (l - 2 sin 2 y) = m 








sinx + siny = 


• 2 -2 2 - m 

sm - ' x + sin y =- 


sinx + siny = — 

2 

(sin x + sin y) 2 - 2 sin x sin y = 1 


sm x + sin y = — 

2 

-2 sin x sm y = 1- 

4 2 


smx + smy = — 

2 

3 m 

sm x sm y = — + — 
8 4 

Bat X = sinx,Y = sin y vdi |X|, | Y| < 1 
thi X, Y la nghiém cüa he phiídng trinh 

t 2 -i t + --- = 0(*) 

2 4 8 W 

a/ Khim = -^thi(*)thánh : 




m 

~2~ 
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<=> 2t 2 -1 -1 = O 


ot = lvt = 


1 

2 


ísinx = 1 í . 1 

sin x = — 

Váy he da cho <=> 1 v 1 2 

sin y =- . 

[ 2 [sin y = 1 

x = — + k2n,keZ x = -(-V)' 1 — + hn,h e Z 

2 6 

v< 

v = -(-1) ,! — + hn, h e Z v = — +k2n,k 

6 l 2 

b/ Ta có : (*)<» — = -t 2 + -t + - 
w 4 2 8 

Xét y = -t 2 + —t + —(C) trénD = [-1,1] 

2 8 

thi: y' = -2t + — 

2 

y' = 0 <=> t = — 

4 





ycbt <=> f(t) - 8 f -At-2> + 2m — 0 có 2 nghiém ti , Í 2 thóa 
<=>-!<*! <t 2 <1 
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<=>< 


A 7 = 28-1 6m > O 
af ( 1 ) = 1 + 2m > O 
a/(-l) = 9 + 2m>0 «■ 


1 7 
— <m< — 

2 4 


1 < 


S_ 

2 


4 


<1 


Bái 181 : Cho he phiídng trinh: 


sin 2 x + mtgy = m 


[tg y + m sin x = m 

a/ Giái he khi m = -4 

b/ Vdi giá tri nao cua m thi he có nghiem. 


He thánh: 


Bát X = sinx vdi |X| < 1 
Y = tgy 

ÍX 2 + mY = m (1) 

[Y 2 + mX = m (2) 

Lay (1) - (2) ta diídc: X 2 - Y 2 + m(Y - X) = 0 
<=> (X - Y)(X + Y - m) = O 

<=> X = Y v Y = m - X 
¡X = Y [Y = m-X 


He thánh 


ÍX = Y 


[X 2 + mX = m ' \ x 2 + m (m -X) = 


m 


ÍY = m - X 


[X 2 + mX - m = O (*) 
a/Khi m = -4 ta dhcíc he 


v 


X 2 - mX + m 2 - m = O 




ÍX = Y í Y = -4 - X 

[x 2 - 4X + 4 = 0 {X 2 + 4X + 20 = 0(vo nghiem) 

ÍX = 2(loaido|X| < l) 

^[Y = 2 

Vay he da cho vó nghiem khi m = 4. 
b/ Ta cd (*) o X 2 + mX - m = 0 vdi |X| < 1 

<^X 2 = m(l - X) 

X 2 

-= m(domkhong lá nghiem cua *) 

1 — X 

„ X 2 ^ r , -X 2 +2X 

Xet Z =-tren [-1,1) => Z =- 5 -; 

1-X L ’ (1 - X) 


Z' = 0<=>X = 0vX = 2 
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X -1 O 1 2 



ÍX = Y (|X| < 1) 

Do dó he < 7 có nghiém m > 0 

[X 2 + mX - m = 0 

Xét (**): X 2 - mX + m 2 - m = 0 

Ta có A = m 2 - 4(m 2 - m) = -3m 2 + 4m 
4 

A>0<=>0<m< — 

3 

Ket luán: »Khi m > 0 thi (I) có nghiém nén he da cho có nghiém 
• Khi m<0 thi (I) vó nghiém má (**) cüng vó nghiém 
(do A < 0) nén he da cho vó nghiém 
Do dó: He có nghiém m > 0 
Cách khác 

He có nghiém f(X) = X 2 + mX - m = 0 (*)hay 

g(X) = X 2 - mX + m 2 - m = 0 (**) có nghiém trén [-1,1] 
Aj = m 2 + 4m > 0 
af{ 1)>0 

<=> /(—!)/(!) ^ 0 hay < a f{- 1 ) > 0 



A 2 = —3/7/ 2 + 4 m > 0 

ag(~ 1) =tn 2 + 1 > 0 
hay g(-l)g(l) < 0 hay ag( 1) = (m _ i^ > 0 

-i<—=—< i 

l 2 2 

A, = m 1 + 4 m > 0 

4 

<=> 1 - 2 m < 0 hay < 1 - 2 m >0 hay m = 1 hay 0 < m < — 

-2 < m < 2 


m > 0 
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IV. HÉ KHÓNG MÁU MÚC 
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Do dó he có nghiém 


x = + (2m +1) 

371 , 

y =-+ h27T; 

4 


(m, h e Z) 


Cách 2: 


Do bát dang thiíc Cauchy 
|tgx + cotgxj > 2 

dáu = xáy ra <=> tgx = cotgx <=> tgx= 

o tgx = ±1 

Do dó: 


tgx 


tgx+cotgx > 2 > 

2 sin 

f 7tó 

y + - 



l 4j 


Dáu = tai (1) chí xáy ra khi 


«> 


sin 


= 1 


tgx 

= -1 

f 

v < 


f 7tó 

y + - 

= 1 

sin 

y + - 

l 4; 



l 4 J 




7t 


x = —h kit, keZ 
4 


(I)v 


n 


y = —l- h27t, heZ 
4 


= -1 


n 


x = -1- kn;, keZ 

4 

Stt 

y =-h h27r, h e Z 

4 


(II) 


thay (I) váo (2): tgy + cotgy=2sin 

ta thay 2 = 2sink7i = 0 khóng thóa 
thay (II) váo (2) ta thay 2 = 2 sin 

chí thóa khi k lé 


í n \ 

x — 

. 4y 


^ 7t i ) 

v 2 J 


Váy: he da cho <=> 


x = + (2m + 1)71 

3n , 

y =-+ 2h7i: 

4 


, m,heZ 


Bái 183: Cho he phiícfng trinh: 

Jx - y = m (1) 

[2 (eos 2x + eos 2y) -1 - 4 eos 2 m = 0 (2) 

Tim m de he phiídng trinh có nghiém. 


He da cho <=> 


| x - y = m 

(4cos(x + y)cos(x - y) = 1 + 4 eos 2 m 
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<=> 


<=> 


| x - y = m 

[-4 eos (x + y) eos m + 4 eos 2 m + 1 = 0 
[x - y = m 

[[2 eos m - eos (x + y)] 2 + 1 - eos 2 (x + y) = 0 
[x-y = m 

[[2 eos m - eos (x + y)] 2 + sin 2 (x + y) = 0 
x - y = m 

cos(x + y) = 2cosm 
[sin (x + y) = 0 




x - y = m 
x + y = k7i, keZ 
cos(k7i:) = 2cosm 


7T 2tC 

Do dó he có nghiém <=> m = ± —h h2rc v m = ±-h h27g h e Z 

3 3 


BAITAP 


1. Giái các hé phifOng trinh sau: 
[sin x + sin y = 2 


a/ 


b/ 


sin 2 x + sin 2 y = 2 


f/ 


sin x sin y = — 
2 


eos x eos y = 


1 

2 

1 


ftgx + tgy + tgxtgy = 1 
[3 sin 2y - 2 = eos 4x 

g/ 


• 9 V3 

sm x - sm 2y = — 
2 


(V2 eos x = 1 + eos y 
[V2 sinx = sin y 


d/ 


e/ 


smxcosy = 
3tgx = tgy 


| sm x = eos x eos y 
Icos 2 x = sinx sin y 


h/ 


k/ 


1/ 


eos x + eos 2y = 


cos(x + y) = 2cos(x - y) 


eos x. eos y = — 
4 


[sinx = 7 eos y 
[5 sin y = cosx - 6 

tgx + tgy = 1 

tg — + tg — = 2 
2 2 


icos x eos y = m + 1 
2 .Cho he phiíOng trinh: < 

I sin x sin y = 4m + 2m 


a/ Giái hé khi m =- 

4 
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b/ Tim m de he có nghiém 



— < m < — hay m=0 
4 4 


3. Tim a de he sau dáy có nghiém duy nhát: 


íy 2 +tg 2 x = 1 


I y + 1 = ax 2 + a + sin x 

(DS a= 2) 


4. Tim m de các he sau dáy có nghiém. 

. ícosx = mcos 3 y , , ísinxcosy = m 2 

a/ • 3 b/ • 

[smx = mcos y [smycosx = m 


(DS l<|m|<2) 



1-V5 

2 


< m < 


1 + S) 

" 2 J 
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CHÜCÍNG X: 

HE THÚC LÜ0NG TRONG TAM GIÁC 

I. DINH LY HÁM SIN VA COSIN 

Cho AABC có a, b, c lán liídt la ba canh doi dien cüa A, B, C, R la 
bán kính diícfng trón ngoai tiep AABC, S la dien tích AABC thi 



a = b = C = 2R 
sin A sin B sin C 

a 2 = b 2 + c 2 - 2bc eos A = b 2 + c 2 - 4S.cotgA 
b 2 = a 2 + c 2 - 2ac eos B = a 2 + c 2 - 4S.cotgB 
c 2 = a 2 + b 2 - 2ab eos C = a 2 + b 2 - 4S.cotgC 



A 

< y' 

B^---- 


Bái 184 Cho AABC. Chiíns minh: 

A = 2B <=> a 2 = b 2 + be 


Ta có: a 2 = b 2 + be <=> 4R 2 sin 2 A = 4R 2 sin 2 B + 4R 2 sinB.sinC 

<=> sin 2 A - sin 2 B = sin B sin C 

<=> — (1 - eos 2A) - — (1 - eos 2B) = sin B sin C 
2 2 

<=> eos 2B - eos 2A = 2 sin B sin C 

<=> -2 sin (B + A) sin (B - A) = 2 sin B sin C 

<=> sin (B + A) sin (A - B) = sin B sin C 

<=> sin (A - B) = sinB (do sin (A + B) = sinC > 0) 

<=>A-B = BvA-B = 7t-B (loai) 

<=> A = 2B 

Cách khác: 

sin 2 A - sin 2 B = sin B sin C 

<=> (s in A - sin B) (s in A + sin B) = sin B sin C 

0 A+B . A-B- . A+B A-B . _ . „ 

<=> 2 eos-sin-.2 sm-co s-= sin B sin C 

2 2 2 2 

<=> sin (B + A) sin(A - B) = sin B sin C 

<=> sin (A - B) = sinB (do sin (A + B) = sinC > 0) 

<=>A-B = BvA-B = 7t-B (loai) 

«• A = 2B 
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18C. AARP Pli.írm m+lr Sm ^ 

(A-B) 

1 a 2 - b 2 

UU1 lUJi iici 1 lc_ 11111111. _ 

sinC 

c 2 


Ta có 



4R 2 sin 2 A - 4R 2 sin 2 B 
4R 2 sin 2 C 


• 2 A -2x3 — (1 - cos2A) - — (1 - cos2B) 

_ sm A - sin B _ 2 v ’ 2 v 

sin 2 C sin 2 C 

eos 2B - eos 2A _ -2 sin (A + B) sin (B - A) 

2 sin 2 C 2 sin 2 C 

sin (A + B). sin (A - B) sin(A-B) 

sin 2 C sin C 

(do sin (A + B) = sin C > 0) 

Bái 186: Cho AABC biet rang tg — • tg — = — • 

2 2 3 

Chiíng minh a + b = 2c 


, , A , B 1 _ . A . B A B 

Ta co : tg— tg — = — 3 sin — sm — = eos — eos — 

2 23 2 2 2 2 

( a B ^ 

l 2 2 J 

_ . A . B A B . A . B 

<=> 2 sm — sm — = eos — eos-sm — sm — 

2 2 2 2 2 2 


Mát khác: 


<=> - 


A+B A-B 
eos-eos 


<=> eos 


2 

A-B 


= 2 eos 


2 

A + B 


= eos- 


A + B 


2 2 
a + b = 2R (sin A + sin B) 

. A + B A-B 

= 4R sm-eos- 

2 2 

q D • A + B A + B 

= 8R sm-eos- 

2 2 

= 4R sin (A + B) 

= 4R sin C = 2c 

Cách khác: 
a + b = 2c 

<=> 2R (sin A + sin B) = 4R sin C 

0 . A+B A-B A . C C 

<=> 2 sm-eos-= 4 sm — eos — 

2 2 2 2 


(*) 


(do (*)) 


A-B . C . 

<=> eos-= 2 sm — = 2 eos 

2 2 


A + B 


f 


do sin 


A + B 


= eos — 
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A B . A . B _ A B n . A . B 

<=> eos — eos — + sin — sin — = 2 eos — eos-2 sin — sin — 

22 22 22 22 

_ . A . B A B 

<=> 3 sin — sin — = eos — eos — 

2 2 2 2 

, A , B 1 
o tg — • tg — = - 

_ 2 2 3 _ 

Bái 187: Cho AABC, chiíng minh neu cotgA,cotgB,cotgCtao mot cá'p so' 
cong thi a 2 ,b 2 ,c 2 cüng la cá'p so'cong. 


Ta có:(*) 


<=> 


<=> sin 2 B = 2 sin A sin C eos B 


Ta có: cot gA, cot gB, cot gC la cáp so' cong <=> cot gA + cot gC = 2 cot gB (*) 

Cách 1: 

sin (A + C) 2cosB 
sin A sin C sin B 

<=> sin 2 B = -[cos(A + C) - cos(A - C)][-cos(A + C)] 

<=> sin 2 B = eos 2 (A + C) - eos (A - C) eos (A + C) 

<=> sin 2 B = eos 2 B - i [eos 2A + eos 2C] 

<=> sin 2 B = (l - sin 2 B) - “[(l - 2 sin 2 A) + (l - 2 sin 2 C) 

<=> 2 sin 2 B = sin 2 A + sin 2 C 


2b 2 


a 


+ ■ 


4R 2 4R 2 ' 4R 2 

<=> 2b 2 = a 2 + c 2 

v 2 i 2 2 i ^ ** /v x /v 

<í> a , b ,c la cap so cong 


Cách 2: 


Ta có: a 2 = b 2 + c 2 - 2ab eos A 


f- 


o a 2 = b 2 + c 2 - 4 


A 


— be sin A 

v2 y 


.cotgA 


<=> a 2 = b 2 + c 2 - 4S cot gA 

b 2 + c 2 - a 2 


Do dó cotgA = 


Tiíong tií cotgB = 


4S 

a 2 + c 2 - b 2 


Do dó: 


(*) 




4S 

b 2 + c 2 - a 2 


, cotgC = 


a 2 + b 2 - c 2 


4S 

<=> 2b 2 = a 2 + c 2 


+ 


4S 

a 2 + b 2 -c 2 

4S 


= 2 


a 2 + c 2 - b 2 

4S 


Bái 188: Cho AABC có sin 2 B + sin 2 C = 2sin 2 A 

Chiíng minh BAC < 60°. 





Tim tai liéu Toán ? Chuyén nhó - www.toanmath.com 


Tacó: sin 2 B + sin 2 C = 2 sin 2 A 

b 2 c 2 _ 2a 2 
^ 4R 2 + 4R 2 “ 4R 2 

<=> b 2 + c 2 = 2a 2 (*) 


Do dinh ly hám cosin nén ta có 
a 2 = b 2 + c 2 - 2bccos A 


<=> eos A = 

b 2 


b 2 + c 2 - a 2 


+ c 


2bc 
2bc _ 1 
4bc 4bc 2 
Va y : BÁC < 60°. 


> 


2(b 2 +c 2 )-b 2 -c 2 

4bc 

(do Cauchy) 


(do (*)) 


Cách khác : 

dinh ly hám cosin cho 

a 2 = b 2 + c 2 - 2bc eos A => b 2 + c 2 = a 2 + 2bc eos A 
Do dó 

(*) <=> a 2 + 2bc eos A = 2a 2 

A a 2 b 2 +c 2 ^l^ ^ , 

<=>cosA =-=-> —(do Cauchy) 

2bc 4bc 2 


Bái 189: Cho AABC. Chtfng minh 

R| 

cotgA+cotgB+cotgC = — 

(a 2 + b 2 +c 2 ) 

abe 

1 

b 2 

Tacó: cotgA = — 

a 2 + c 2 - 

Tiíéng tií: cot gB = - 

4S 

Do dó cot gA + cot gB + cot gC 

+ c 2 - a 2 

4S 

b 2 , _ a 2 + b 2 - c 2 

—, cot gC = - 

4S 

_ a 2 + b 2 + c 2 _ a 2 + b 2 + c 2 

4S 4 abe 

4R 

„ a 2 + b 2 + c 2 

= K- 

abe 

Bái 190: Cho AABC có 3 góc A, B, C tao thánh mót cap so" nhán có cóng 
boi q = 2. Giá sd A < B < C. 

Chiíng minh: — = — + — 
abe 


Do A, B, C la cap so" nhán có q = 2 nén B = 2A, C = 2B = 4A 

Má A + B + C = 7T nén A = —,B = —,C = — 

7 7 7 


Cách 1: 
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„ , 111 1 

Taco: —i- —=- 1 - 

b c 2R sin B 2R sin C 


. 2 71 . 4n 

sin — sm — 

l 7 7 ) 

. 4ti . 2n 
sm — + sm — 

7 7 

. 27i: . 4n 
sm — sm — 

7 7 

„ . 371 71 

2 sm —. eos — , . 0 

7 7 f , . 471 . 371 

-—--—^ do sm — = sm — 

271 . 371 l 7 7 

sm — .sm— v 
7 7 


Cách 2: 


0 . ti 7i 2R sin A 
2 sm —. eos — 


111 1 1 1 

- = — + -<=> - = - + - 

abe sin A sin B sin C 


111 sm 4 A + sm 2 A 

<=>-=-+-=- 

sin A sin2A sin4A sin 2A sin 4 A 

2 sin 3A. eos A 2 eos A 2 eos A 


sin A sin 2A sin 4A sin 2A 2 sin A eos A 

1 • r, A .371 .471 . a \ 

do : sm 3A = sm — = sm — = sm 4A • 
_ 7 7 _ 

Bái 191: Tính các góc cüa AABCneu 

sin A _ sinB _ sinC 

1 = ^/‘T = ^ _ 


Do dinh ly hám sin: 


1 

~ V3 

a 

b 

sin A 

sinB 

sin A 

sinB 

1 

V3 

a 

b 


= 2R 


sinC 


2R 2RV3 4R 


b c 

<=> a = = — <=> 

S 2 


b = aV3 
c = 2a 
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Ta có: c 2 = 4a 2 = (aV3) +a 2 

<=> c 2 = b 2 + a 2 

Váy AABC vuóng tai C 
ThaysinC = 1 váo(*)tachíóc 
sin A _ sinB _ 1 
1 “ V3 “2 

í • A 1 

sin A = — 

2 



ÍA = 30° 

<=> 1 

|B = 60° 

Ghi chú : 

Trong tam giác ABC ta có 
a = b o A = B o sin A = sin B o eos A = eos B 

II. DINH LY VE BÚÓÍNG TRUNG TUYÉN 

Cho AABC có trung tuyén AM thi: 



Bái 192: Cho AABC có AM trung tuyén, AMB = a, AC = b, AB = c, S la 
dien tích AABC. Vdi 0 < a < 90° 

b 2 2 

- c 


a/ Chiíng minh: cotga = 


4S 


b/ Giá su” a = 45°, chiíng minh: cotgC - cotgB = 2 


a/ AAHM vuóng => cotga = 


HM 

AH 


=> cotga = 


a 

2AH 


MB-BH 

AH 
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Mát khác: 
Bat BC = a 

b 2 2 

- c 


b 2 -c 2 (a 2 + c 2 - 2accosB) - c 2 


4S 


a 


2AH.a 

ecos B a BH 


2 AH AH 

b 2 -c 2 


( 2 ) 


4S 


4S 2 AH AH 
Tír (1) va (2) ta diídc : cotga = 

Cách khác : 

Goi Si, S 2 lán liídt la dien tích tam giác ABH va ACH 
Ap dung dinh ly hám eos trong tam giác ABH va ACH ta có: 
AM 2 + BM 2 - c 2 


cotg a = 


4S, 


(3) 


AM 2 + CM 2 -b 2 

- cotg a =- (4) 

4S 2 

Láy (3) - (4) ta có : 

b 2 — c 2 S 

cotg a = ——— ( vi Si=S 2 = *) 


4S 

b/Ta có: cotgC - cotgB = 


HC HB HC - HB 


AH AH AH 
(MH + MC) - (MB - MH) 


2MH 

AH 


AH 

= 2 cotg a = 2 cotg 45° = 2 


Cách khác : 

Ap dung dinh ly hám eos trong tam giác ABM va ACM ta có: 
BM 2 + c 2 - AM 2 


cotg B = 


cotg C = 


4S, 

CM 2 + b 2 - AM 2 
4S„ 


(5) 

( 6 ) 


Láy (6) - (5) ta có : 

b 2 -c 2 


cotg C - cot gB = 


2S 


= 2cotga=2 ( vi Si=S 2 =— va cáu a ) 


Bái 193 Cho A ABC có trung tuyén phát xuát tú” B va C la m b ,m c thóa 
c m 

— = —- ^ 1. Chiíng minh: 2cotgA = cotgB + cotgC 
b m c 
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2 2 

p . C m b 

Ta C0: = -2 

b m 2 


2 2 b 

a + c- 


2 A 




f 


b 2 +a 2 - 


V 


,2 A 


) 


b 2 2 22 2i 2 i 2 2 

c + a c-= a b + be 

2 

«aV-aV=i(c 4 -b‘) 


b^ 

2 


<=> a 2 (c 2 - b 2 ) = — (c 2 - b 2 )(c 2 + b 2 ) 


<=> 2a 2 = c 2 + b 2 (1) do — * 1 
v b 

Thay b 2 + c 2 = a 2 + 2bccos A váo (1), ta có (1) thánh 

a 2 = 2bccos A 

. a 2 4R 2 sin 2 A 

<» eos A = 

«> 2 


2bc 2(2RsinB)(2RsinC) 
eos A _ sin A _sin(B + C) 


sin A sin B sin C sin B sin C 

„ , . sinBcosC+ sinCcosB J „ 

<» 2 cotgA =-= cotgC+ cotgB 

sin B sin C 


Bái 194 : Chiíng minh neu AABC có trung tuyén AA’ vuóng góc vdi trung 
tuyen BB’ thi cotgC = 2 (cotgA + cotgB) 


AGAB vuóng tai G có GC’ trung tuyen nén AB = 2GC’ 



<=> 5c 2 = c 2 + 2abcosC(do dinh ly hám eos) 
<=> 2c 2 = abcosC 

<=> 2(2RsinC) 2 = (2Rsin A)(2RsinB)cosC 
<s> 2 sin 2 C = sin A sin B eos C 
2sinC cosC 

<=> 


sin A sin B sin C 
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<=> 

<=> 


2 sin (A + B) 


= cotgC 


sin A sin B 
2 (sin A eos B + sin B eos A) 


sin A sin B 

<=> 2 (cotg B + cotgA) = cotgC 


= cotgC 


III. DIÉN TÍCH TAM GIÁC 


Goi 


thi 


S: dién tích AABC 

R: bán kính diídng trón ngoai tiép AABC 
r: bán kính diídng trón noi ti ép AABC 
p: nu”a chu vi cüa AABC 


^ 1 . 

1, , 1 , 

S = — a.h 

= — b.h, = — c.h 

2 a 

2 b 2 c 

S = — ab sin C = — ac sin B = — be sin A 

2 

s a ^ c 

^ " 4R 

2 2 

S = pr 

S = ^/p(p- 

-a)(p-b)(p-c) 


Bái 195: Cho AABC chiíng minh: sin2A + sin 2B + sin2C = —j 

R 

Ta có: 

sin2A+ (sin2B + sin2C) 

= sin2A + 2sin(B + C).cos(B - C) 

= 2sinAcosA + 2sinAcos(B - C) 

= 2sinA[cosA + cos(B - C)] 

= 2sinA[-cos(B + C) + cos(B - C)] 

= 2sinA.[2sinB.sinC] 

_ ^ a b e l abe _ 1 4RS _ 2S 
“ 4 '2R'2R'2R “ 2^“ 2^“ R^ 


Bái 196 Cho AABC. Chiíng minh : 

S = Dién tích (AABC) = — (a 2 sin2B + b 2 sin2A) 


Ta có : S = dt(AABC) = — absinC 
= ^ab sin (A + B) 
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1 

2 


ab [sin A eos B + sinB eos A] 


= — ab 
2 


Ya . > 


( b A > 


— smB 

eos B + 

— sin A 

eos A 

Ab y 


U y 



(do di hám sin) 


= Y [a 2 sin B eos B+ b 2 sin A eos A] 
= — [a 2 sin 2B + b 2 sin 2A) 


Bái 197 : Cho AABC có trong tám G va GAB = a,GBC = P,GCA = y. 

3(a 2 + b 2 +c 2 ) 

Chiíng minh: cotga + cotgP +cotgy = —-- 

_4S_ 

A 



Mát khác do áp dung dinh ly hám sin váo AAMB ta có : 


MB AM . 1 A/m . „ a . 

-=-sin a =-MB sin B =-sin B (2) 

sin a sin B AM 2 AM 


Láy (1) chia cho (2) ta diípc : 


cotga = 


c- — cosB 0 

2 _ 2c - a eos B 

a b 

sin B a. — 

2 2R 

R (4c - 2a eos B) R (4c 2 - 2ac eos B) 

ab abe 

3c 2 + b 2 - a 2 3c 2 + b 2 - a 2 


abe 

IT 


4S 


Chiíng minh thOng td : 
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cotgp = 
cotgy = 


3a 2 + c 2 - b 2 

4S 

3b 2 + a 2 - c 2 

4S 


Do dó: 

cotga + cotgP + cotgy 

_ 3c 2 + b 2 - a 2 | 3a 2 + c 2 - b 2 | 3b 2 + a 2 - c 2 

4S + 4S + 4S 

_3(a 2 +b 2 +c 2 ) 

= 4S 

Cách khác : Ta có mf + m 2 + m 2 = ^j-(a 2 + b 2 + c 2 ) (*) 


cotga = 


C + ma 4 4c 2 + 4m 2 - a 2 

* - a —(a) 


4S 


AABM 


8 S 


^ ^ _ 4a 2 + 4m 2 - b 2 ,,, ^ 4b 2 + 4m 2 - c 2 , , 

Tiídng tur cotgp =-^-2-(b),cotgy =- 77 A-(c) 


8 S 


8 S 


Cóng (a), (b), (c) va ket hcfp (*) ta có: 


cotg a + cotg p + cotg y = 


3 (a 2 + b 2 + c 2 ) 


4S 


IV. BÁN KÍNH BÚÓÍNG TRÓN 


Goi R bán kính diíóng trón ngoai tiép AABC 
vá r bán kính diíóng trón nói ti ép AABC thi 



Bái 198: Goi I la tám diíóng trón nói tiep AABC. 
Chiíng minh: 

/ • A • B • C 
a/ r = 4Ksm— sin —sin — 

2 2 2 
b/ IA.IB.IC = 4Rr 2 
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a/ Ta có : AIBH _L=> cotg — = 

2 IH 

g 

=> BH = rcotg — 
2 

Q 

Tiídng tg HC = rcotg — 

2 


Má : 
nen 


BH + CH = BC 
f B , C 


cotg —h cotg — 

V 2 2 J 

^B + C^ 


= a 


r sin 


<=> 


v 


) 


. B . C 
sin — sin — 
2 2 


= a 



A 


B 


<=> r eos — = (2R sin A) sin — sin — 

2 v ’ 2 2 

A A A B C 

<=> r eos — = 4R sin — eos — sin — sin — 

2 2 2 2 2 

ABC A 

<=> r = 4R sin — sin — sin —. (do eos — >0) 
2 2 2 2 


b/ Ta có : 


Tiídng tií 


A TK 

A 1 AKI => sin— = — => IA = 

IA 


IB = 


sin 


B 


2 

IC = 


sin 


A 


sin 


Do dó : 


IA.IB.IC = 


. A . B . C 
sin — sin —sin — 
2 2 2 


r 

4R 


= 4Rr 2 (do ket quá cáu a) 


Bái 199 : Cho AABC có difóng trón nói tiep tiep xúc các canh AABC tai A’, 
B’, C’. AA'B'C'có các canh la a’, b\ c’ va dien tích S\ Chiíng minh: 


a’ b’ 


. C 


í 


I KJ n • V/ 

a/ —i-= 2 sin — 

a b 2 


. A 


B 


sin-b sin — 

v 2 2 j 


,.S’ . A . B . C 

b/ — = 2 sin — sin — sin — 
S 2 2 2 
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a/Tacó : C'A'B' = — CTB' = — (ít - A) = — (B + C) 

2 2 2 

Áp dung dinh ly hinh sin va o AA'B'C' 


sin A 


~ — 2r (r: bán kính difóng trón nói tiep AABC) 


, . . „ . B + C 

=> a = 2r sm A = 2r sin- (1) 

2 

AABC có : a = BC = BA'+ A ’ C 


. B , C 
=> a = r cot g — + r cot g — 

2 2 

. B + C 
sm- 

^ a = r , B 2 C (2) 
sin —sm — 

2 2 

T „ (1) , a' . B . C 

Lay —- ta diícfc — = 2sm —sm — 
(2) 'a 2 2 


rri . f b’ . . A . C 
Tiídng tií — = 2sm — .sm — 
b 2 2 


a' b' . Cf . A . B 

— + — = 2 sm— sm— + sm — 

a b 21 2 2 


b/Tacó: Á T C 7 B' = -.BTA' = -(7r-C) = -(A + B) 

2 2 2 


. . A + B C 

smC = sm-= eos — 

2 2 
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Ta có: 


S' dt(AA'B'C') ^ a ' b' sin C 

¥ = dt(AABC) = l abginC 

2 


'a"' 

Ab’^ 

sinC' 

v a J 

V b y 

sinC 


. . B . 2 C . A 
= 4sin —sin -sin — 


eos 


„ • C C 
2 sin —eos — 
2 2 


0 . B . C .A 

= 2 sin — sin — • sin — 
2 2 2 


Bái 200: Cho AABC có trong tám G va tám diídng tron nói tiep I. Biet GI 
vuóng góc vdi diídng phán giác trong cüa BCA. Chiíng minh: 


a + b + c 2ab 


a + b 


Ve GH 1 AC, GK 1 BC, ID 1 AC 
IG cat AC tai L va cat BC tai N 
Ta có: Dt(ACLN) = 2Dt(ALIC) 
=ID.LC = r.LC (1) 

Mát khác: 

Dt(ACLN) = Dt(AGLC) + Dt(AGCN) 
= |(GH.LC + GK.CN) (2) 

Do ACLN can nén LC = CN 

Tir (1) vá (2) ta diícíc: 


rLC = — LC(GH + GK) c KM 

o 2r = GH + GK 

Goi h a ,h b la hai diídng cao AABC phát xuád tu” A, B 



Ta có: 

GK MG 1 v GH 1 

-=-= — va -= — 

h a MA 3 h b 3 

Do dó: 

2r = |(h a +h b ) 

Má: 

S = Dt(AABC) = pr = — a.h a 


1 

2 


( 3 ) 
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Do dó: 

Tú” (3) ta có: 


, 2pr v 2pr 

h., = —— va h K = —— 


a 


1 1 

— + — 

a b j 


2r = — pr 
3 v 

1 f a + 

<» 1 = — p 

3 


<íí> 3 = 


ab y 
a+b+c a+b 


2 ab 
2ab a + b + c 


a + b 
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BÁI TÁP 


i. 


2 . 

3. 


4. 


5 . 


Cho AABC có ba canh la a, b, c. Rvár lán lddt la bán kính dddng trón 

ngoai tiep vá noi tiep AABC. Chiíng minh: 

C A B 

a/ (a - b)cotg — + (b - c)cotg— + (c - a)cotg— = 0 

2 2 2 


b/ 1 h— = eos A + eos B + eos C 

R 

c/ Neu cotg, cotg ^, cotg^ la cap so" cong thi a, b, c cüng la cap so" 


cóng. 

d/ Dien tích AABC = R r (sin A + sin B + sin C) 

e/ Neu : a 4 = b 4 + c 4 thi AABC có 3 góc nhon vá 2sin 2 A = tgB.tgC 

Neu dien tích (AABC) = (c + a -b)(c + b -a) thi tgC = — 

15 

Cho AABC có ba góc nhon. Goi A’, B’, C’ la chán các dhdng cao ve td 
A, B, C. Goi S, R, r lán liípt lá dien tích, bán kính diídng trón ngoai 
tiep, noi tiep AABC. Goi S’, R’, r’ lán lifpt lá dien tích, bán kính 
diídng trón ngoai tiep, noi tiep cüa AA'B'C'. Chiíng minh: 
a/ S’ = 2ScosA.cosB.cosC 

b/ R’ = - 
2 


c/ r’ = 2RcosA.cosB.cosC 

AABC có ba canh a, b, c tao mot cá"p so" cong. Vdi a < b < c 
Chiíng minh : 
a/ ac = 6Rr 


b/ eos 


A-C 

2 


= 2 sin 


B 

~2 


A 3r ír C r 

c/Cong sai d = — tg--tg — 

Z \ Z Z) 

Cho AABC có ba góc A, B, C theo thií td tao 1 cap so"nhán có cóng 
boi q = 2. Chdng minh: 

1 11 

a/ — = — + - 

abe 


b/ eos 2 A + eos 2 B + eos 2 C 


5 

4 
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CHÜCfNG XI : 

NHAN DANG TAM GIÁC 

I. TÍNH CÁC GÓC CÚA TAM GIÁC 

Bái 201: Tính các góc cüa AABC néu : 

sin(B + C) + sin(C + A) + eos (A + B) = — (*) 

2 


Do 

Nén: 


A + B + C = n 


(*) <f^> sin A + sin B - eos C = — 
v ’ 2 


<=> 2 sin 


. A+B A-B 


í 


eos 


2 c 


2 eos''-1 

2 


n C A-B n 2 C 1 
<=> 2 eos — eos-2 eos 


2 C . C A-B 


<=>4cos-4 eos —eos 

2 2 2 


( n C A - B A 
<=> 2 eos-eos- 

1 2 2 

9 C A-B 

2 eos-eos- 

2 2 

9 C A-B 

2 eos — = eos- 

2 2 

• A “ B n 

sin-= 0 


2 2 
+ 1 = 0 

2 A-B 


+1 - eos 


<=> 




J 

Y 

) 


+ sin 






2 eos — = cosO = 1 
2 




C = n 
2 “ 3 
A = B 




A = B = — 

6 


C = 


2n 


3 

2 


Bái 202: Tính các góc cüa AABC biet: 

eos 2A + V3 (eos 2B + eos 2C) + — = 0 (*) 

2 


Ta có: (*) <=> 2cos 2 A -1 + 2V3 [cos(B + C)cos(B - C)] + — = 0 

2 
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<=> 4 eos 2 A - 4V3 eos A. eos (B - C) + 3 = 0 

<=> 2 eos A - V3 cos(B - C)1 + 3 - 3 eos 2 (B - C) = 0 

<=> 2 eos A - V3 eos (B - C)T + 3 sin 2 (B - C) = 0 
sin(B - C) = 0 ÍB - C = 0 

<=> S fñ <=> < .[q 

cosA = —cos(B-C) cosA = -— 

2 12 

ÍA = 30° 

<=> i 

B = C = 75° 


Bái 203: Chtíng minh AABC có C = 120° néu : 

A B C 

sin A + sin B + sin C - 2 sin — sin — = 2 sin — (*) 

2 2 2 


Ta có 

A + B A-B _ . C C A . B . C 

(*) <=> 2sm-eos-+ 2 sin — eos — = 2 sin — sin—h 2sm — 

2 2 2 2 2 2 2 

0 C A-B _ . C C _ A + B _ . A . B 

<=> 2 eos — eos-+ 2 sin — eos — = 2 eos-h 2 sin — sin — 


C ( A-B . C^i A B 

2 ^ 2 2J 2 2 

cr A-B A + Bl A B 

<t> eos— eos-heos- = eos — eos — 

2 L 2 2 J 2 2 

0 C A B A B 
<=> 2 eos —eos — eos — = eos — eos — 

2 2 2 2 2 

C 1 A v B A B 7i 

<» eos — = — (do eos — > 0 va eos — >0 vi 0< —< —) 

2 2 2 2 2 2 2 

C = 120° 


Bái 204: Tính các góc cüa AABC biet so" do 3 góc tao cá"p so" cóng vá 

• a • u n 3 + \¡3 

sm A + sin B + sin C =- 

2 

Khóng la 

m má"t tính chá"t tong quát cúa bái toán giá su’ A < B < C 

Ta có: 

A, B, C tao 1 cap so" cong nén A + C = 2B 

Má 

A + B + C = ti nén B = — 

3 

Lúe dó: 

A ' D C' 3 + \¡3 

sm A + sin B + sin C = - 


2 
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. . .TI • /-i 3 + V3 

<=> sin A + sin — + sin C =- 


<=>sin A + sinC = — 

2 

0 . A + C A-C 3 

2 2 2 

0 B A-C 3 

<=> 2 eos —eos-= — 

2 2 2 


2 . 


V 2 y 


cos- 


A-C 3 


C-A a/3 n 

<=> eos-= — = eos — 

2 2 6 


Do C > A nén AABC có: 
C-A _ ti 
2 “6 


C + A = — 
3 

B = — 


C = — 


A = 


2 

n 


B = — 


Bái 205: Tính các góc cüa AABCneu 

ib 2 + c 2 < a 2 (1) 

[sin A + sinB + sinC = 1 + V2 (2) 


Áp dung dinh ly hám cosin: eos A = 


b 2 + c 2 - a 2 

2bc 


Do (1): b 2 + c 2 < a 2 nén eos A < 0 

^ . 7T * re ^ A n 

2 4 2 2 

A 7t y¡2 ¡ s 

Vay eos—< eos — = — * 

2 4 2 w 

B + C B — C 

Mát khác: sin A + sinB + sinC = sin A + 2 sin-eos- 


A 


2 

B-C 


<1 + 2 


= sin A + 2 eos — eos 

2 2 

1 (a í*\ ' B-C 
— -1 do(*Jva eos- 

V 2 J ^ 2 


< 1 


Má sin A + sin B + sin C = 1 + \Í2 do (2) 




Tim tai liéu Toán ? Chuyén nhó - www.toanmath.com 


Dáu “=” tai (2) xáy ra <=> 


sin A = 1 
A y¡2 

eos— = — <=> <; 

2 2 

B-C , 
eos-= 1 


A = — 


B = C = — 

4 


Bái 206 : (De thi tuyén sinh Bai hoc khói A, nám 2004) 
Cho AABC khóng tú thóa diéu kien 
cos2A + 2V2cosB + 2V2cosC = 3 (*) 

Tính ba góc cüa AABC 


Cách 1 : Bát M = cos2A + 2\¡2 eos B + 2\¡2 cosC - 3 
Ta có:M= 2 eos 2 A + 4 \Í2 eos — + — eos ^ ^ - 4 


n 2 a > - A B — C . 

<=> M = 2 eos" A + 4V2 sm — eos— : -4 


2 

-ce 
2 2 


. A . K B-C , 

Bo sm— > 0 va eos-< 1 

2 2 

/— A 

Nén M < 2 eos 2 A + 4v2 sin-4 

2 

Mat khác: AABC khóng tú nén 0 < A < 


K 


Bo dó: 


Váy: 


=^> 0 < eos A < 1 

=> eos 2 A < eos A 
A 

M < 2 eos A + 4v2 sin-4 

2 


<=> M < 


1-2 sin 2 —^ 


J 


4V2 sin — - 4 
2 


<=> M < -4 sin 2 — + 4V2 sin — - 2 
2 2 


<=> M < -2 


V2 sin — -1 
2 j 


< 0 


Bo giá thiét (*) ta có M=0 

eos 2 A = eos A 

B-C , ÍA = 90° 

eos-= 1 <=> < 

2 B = C = 45° 


. A 1 

sin— = —¡= 

2 V2 


* Cách 2: (*) <=> eos 2A + 2%/2 eos B + 2^2 eos C - 3 = 0 
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2 » o/o B + C B — C _ n 

<=> eos" A + 2v2 eos-eos-2 = 0 

2 2 

A B — C 

<=> (eos 2 A - eos A) + eos A + 2y¡2 sin — eos-2 = 0 

V / 9 9 


I \ j ^ y 

<=> eos A (eos A -1) + 1-2 sin 2 — + 2V2 sin — 


.A B-C 


-2 = 0 


. / A f rr . A B-C 

<=> eos A (eos A - 1) - V2 sm-eos- 


- 1 - cos ; 


B-C 


<=> eos A (eos A -1) - K/2 sin-eos- 

v ’ l 2 2 


. A B-CY . 2 B-C __ 

ín-eos- -sm -= 0 (*) 

2 2 ) 2 


Do AABC khóng tü nén eos A >0 va eos A - 1 < 0 
Vay ve trái cüa (*) luon < 0 


Dau “=” xáy ra 


eos A = 0 

ñ . A B-C 

V2 sm— = eos- 

2 2 

• B “ C n 

sm-= 0 

l 2 

ÍA = 90° 


B = C = 45° 

Bái 207: Chiíng minh AABCcó ít nhát 1 góc 60° khi vá chí khi 

sin A + sinB + sinC n: 


eos A + eos B + eos C 


= >/§(*) 


Ta có: 


(*) <=> ^sin A - V3 eos A j + ^sin B - V3 eos B j + ^sin C - V3 eos C j = 0 
<=> sin ( A - — 1 + sin f B - — 1 + sin í C - — 1 = 0 


<» 2 sin 


. fA + B n) A-B 


— cos- 


+ sin C — = 0 


„ . fn C^i k A-B 0 . ÍC tY ÍC n} n 

<=>2sm--eos-+ 2sm-eos-=0 

v 2 2 J 3 2 l 2 6) { 2 6) 


9 • fC 

<=> 2sin--eos 

12 6 


. fC n 


A-B 


2 6 


re _ 

+ eos-=0 

12 6 


2 6 


<=> sin-= 0 v eos 

12 6 


A-B 


C n 


= eos-= eos — 

,2 6 ) v 3 


n A + B 


C 7i A-B ti A + B -A + B 71 A + B 

<=> — = — v-=-v-=- 

26232 2 32 


/-i Tí A 71 -y-j 71 

oC=-vA=-vB=- 
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Bái 208: Cho AABC va V = cos 2 A + cos 2 B + cos 2 C - 1. Chtíng minh: 
a/ Neu V = 0 thi AABC có mot góc vuong 
b/ Neu V < 0 thi AABC có ba góc nhon 
c/ Neu V > 0 thi AABC có mot góc tú 


Ta có: V = —(1 + cos2A) + —(1 + cos2B) + eos 2 - 1 

2 2 

<=> V = ^(eos 2A + eos 2B) + eos 2 C 

« V = eos(A + B).eos(A - B) + eos 2 C 
<=> V = -cosC.cos(A - B) + eos 2 C 
<=> V = -cosC[cos(A - B) + cos(A + B)] 

<=> V = -2 eos C eos A eos B 

Do dó: 

a / V = 0 « eos A = 0 v eos B = 0 v eos C = 0 
•o AABC _L tai A hay AABC _L tai B hay AABC _L tai C 
b/ V < 0 <=> eosA.cosB.cosC > 0 
•o AABC có ba góc nhon 

( vi trong 1 tam giác khóng the có nhiéu hcfn 1 góc tú nén 
khóng có trifóng hdp có 2 eos cúng ám ) 
c/ V > 0 o eos A.cosB.cosC < 0 

« eos A < 0 v eos B < 0 v eos C < 0 
AABC có 1 góc tú. 

II. TAM GIÁC VUONG 


Bái 209: Cho AABC có cote - = 

- 2 b 

Chiíng minh AABC vuong 


„ , B a+c 

Taco: cotg— =- 

2 b 

B 

cos 2 2R sin A + 2R sin C sin A + sin C 


sin 


B 

2 

B 


2R sin B 


sin B 


0 . A + C A-C 

cos— 2 sin-.eos- 

2 _ 2 2 


sin 


B 


B 


9 • B B 
2 sin —. cos — 
2 2 

B 


o ±j j_> A-C . B 

«cos — = cos — .eos- (do sin— > 0) 

2 2 2 2 


2 
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B A-C ( , B .. 

eos — = eos- (do eos — > 0) 

2 2 2 

B A-C B C-A 

<=> — =-v — =- 

2 2 2 2 

<=>A = B + CvC = A + B 
<=> A 


71 ^ 71 

VU = 


2 2 

<» AABC vuong tai A hay AABC vuong tai C 


Bái 210: Chiíng minh AABC vuong tai A neu 

be a 

- 1 -— - 

cosB cosC sin B sin C 


Ta có: 


<=> 

<=> 

<=> 

<=> 


be a 

- 1 -— - 

cosB cosC sin B sin C 

2R sin B 2R sin C 2R sin A 

- 1 -= - 

cosB cosC sin B sin C 

sin B eos C + sin C cosB _ sin A 

cosB. cosC sin B sin C 

sin(B + C) sin A 

cosB. cosC sin B sin C 

cosB cosC = sin B sin C (do sin A > 0) 

eos B. eos C - sin B. sin C = 0 


<=> cos(B + C) = 0 


<=> B + C = — 

2 

<=> AABC vuong tai A 


Bái 211: Cho AABC có: 

A B C . A . B . C 1 _ 

eos — eos — • eos-sin — sin — • sin — = — (*) 

2 2 2 2 2 2 2 

Chiíng minh AABC vuong 


Ta có: 

_ A B C 1 . A . B . C 

(*) <=> eos — eos — eos — = — + sin — sin — sin — 
2 2 2 2 2 2 2 


1 

<=> — 
2 


A+B A-B 
eos-h eos- 


C 1 1 

eos — =- 

2 2 2 



r . C A-B 

C i 

" . C A-B 

<=> 

sin — + eos- 

eos — = 1 - 

sin-eos- 


2 2 

2 

2 2 ^ 


A+B A-B 
eos-eos- 


. C 
sin — 
2 


. c 

sin — 
2 


. C C 

<=> sin — eos — + eos 
2 2 


A-B C , . 2 C C , . 2 C A-B . C 

-eos—= l-sm — + cos— = 1 - sin — + eos-sin — 

2 2 2 2 2 2 2 


2 


2 
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. C C A-B C 2 C A-B . C 

<=> sin — eos —h eos-eos — = eos —h eos-sin — 

2 2 2 2 2 2 2 


c 

. C C" 

A-B 

. c el 

<=> eos — 

sin-eos — 

= eos- 

sin-eos — 

2 

L 2 2 

2 

2 2] 



. C 

el 

r c 

A- 

B" 

<=> 

sm — 

- eos — 

eos- 

eos- 



L 2 

2 J 

L 2 

2 



. c 

C 

C 

A- 

B 


sm — = 

eos — v eos — = 

eos- 

— 


2 

2 

2 

2 



C , C A-B C B-A 

<=> tg — = 1 v — =-v — =- 


<=> — = — vA = B + CvB = A + C 

2 4 


/^t TC a TU -p» TU 

<=>C = — vA = — vB = — 

2 2 2 


Bái 212: Chiíng minh AABC vuong neu: 

3(cos B + 2 sin C) + 4(sin B + 2 eos C) = 15 


Do bal dang thiíc Bunhiacópki ta có: 


va 

nén: 

Dáu 


3cosB + 4 sin B < y/9 + 16Vcos 2 B + sin 2 B = 15 
6sinC + 8 eos C < y/36 + 64 Vsin 2 C + eos 2 C = 10 
3(cos B + 2 sin C) + 4(sin B + 2 eos C) < 15 
cosB sinB 


xa y ra 




3 

sinC 


cosC 




6 8 
o tgB = cotgC 


tgB = — 

3 

cotgC = | 


n 


«B + C = - 
2 

<=> AABC vuong tai A. 


Bái 213: Cho AABC có: sin2A + sin2B = 4sin A.sinB 

Chiíng minh AABC vuong. 

Ta có: sin 2 A + sin2B = 4 sin A.sinB 
<=> 2 sin(A + B) cos(A - B) = -2 [cos(A + B) - cos(A - B)] 

cos(A + B) = [1 - sin(A + B)] cos(A - B) 

- eos C = [1 - sin C] cos(A - B) 

<=> - eos C(1 + sin C) = (1 - sin 2 C). cos(A - B) 

- eos C(1 + sin C) = eos 2 C. cos(A - B) 

<=> eos C = 0 hay - (1 + sin C) = eos C. cos(A - B) (*) 
<=> cosC = 0 

( Do sinC > 0 nén -(1 + sinC) < -1 
Má cosC.cos(A - B) >-1 .Váy (*) vó nghiém.) 
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Do dó AABC vuóng tai C 

III. TAM GIÁC CAN 


n 

Bái 214: Chú’ng minh neu AABC có tgA + tgB = 2cotg — 

2 


thi la tam giác cán. 


r; 

Ta có: tgA + tgB = 2 cotg — 

2 


<=> 


sin(A + B) _ 2cos 2 


<=> 


eos A. eos B • C 

olll 

2 


9 C 

2 eos — 
2 


sinC 


<=> 


eos A. eos B • C 

olll 

2 

9 ■ C C _ C 

2 sin —eos — 2 eos 

2 2 _ 2 


eos A eosB 


. C 
sin — 
2 


,C 


<=> sin — = eos A. eos B 
2 


( C 

do eos — > 0 

l 2 


<=> —(1 - cosC) = —[cos(A + B) + cos(A - B)] 
2 2 

<=> 1 - cosC = -cosC + cos(A - B) 

<=> eos (A - B) = 1 
<=> A = B 

<s> AABC cán tai C. 


Bái 215: Chiíng minh AABC cán neu: 

• A 3 B . B 3 A 
sin — .eos — = sm — .eos — 
2 2 2 2 


Ta có: 


• A 3 B . B 3 A 
sin — .eos — = sm —.eos — 


<=> 


f . A ^ 
sin — 

2 

1 

f . B^ 

sm — 

2 

1 

A 

2 A " 

B 

2 b 

eos — 

eos — 

eos — 

eos — 

l 2 ; 

2 

l 2 ) 

2 


A B 

(do eos— >0 vá eos— >0 ) 
2 2 
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A A B , v ^ 2 A , 2 B x A, B „ , 
<=>tg— = tg— (vi 1 + tg^ — + tg —+ tg — tg—>0) 

<» A = B 

<=> AABC can tai C 



<=> 4 sin 2 A sin 2 B = (sin 2 A + sin 2 B) 


o 0 = (sin 2 A - sin 2 B) 


<=> sin A = sinB 
Váy AABC can tai C 
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■ A ~ B m, 

<=> sin-= O hay 


a 


= 0 


eos A eos B 

. „ , 2R sin A 2R sin B 

<=> A = B hay-=- 

eos A eos B 

<=> A = B hay tgA = tgB o AABC can tai C 

IV. NHÁN DANG TAM GIÁC 


Bái 218: Cho AABC thóa: acosB - heos A = a sin A - bsinB (*) 

Chiíng minh AABC vuóng hay can 


Do dinh ly hám sin: a = 2Rsin A,b = 2RsinB 
Nén (*) <=> 2Rsin AcosB - 2RsinBcos A = 2R(sin 2 A - sin 2 B) 

<=> sin A eos B - sin B eos A = sin 2 A - sin 2 B 


<=> sin (A - B) 
<=> sin (A - B) 


— (1 - cos2A) - —(1 - cos2B) 
2 2 

^[cos2B - cos2A] 


<=> sin (A - B) = - [sin (A + B)sin(B - A)] 
<=> sin (A - B)[l - sin (A + B)] = 0 
<=> sin (A - B) = 0 v sin (A + B) = 1 

oA = BvA + B = - 

2 


váy AABC vuóng hay can tai C 

Cách khác 

sin A eos B - sin B eos A = sin 2 A - sin 2 B 

<=> sin (A - B) = (sin A + sin B) (sin A - sin B) 

• / \ • A + B A -B wo A + B . A-B. 

sin A - B = ( 2 sin-eos-) (2 eos-sin-) 

V / O O o o 


<=> sin (A - B) = sin (A + B) sin (A - B) 

<=> sin (A - B) = 0 v sin (A + B) = 1 

oA = BvA + B = - 

_ 2 _ 

Bái 219 AABC la tam giác gi neu 

[a 2 + b 2 )sin(A - B) = [a 2 - b 2 )sin(A + B) (*) 


Ta có: (*) 

<=> [4R 2 sin 2 A + 4R 2 sin 2 B) sin (A - B) = 4R 2 [sin 2 A - sin 2 B) sin (A + B) 
sin 2 A [sin (A-B) - sin (A + B)] + sin 2 B [sin (A - B) + sin (A + B)] = 0 
<=> 2 sin 2 A eos A sin (-B) + 2 sin 2 B sin A eos B = 0 
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<=> - sin A eos A + sin B eos B = 0 (do sin A > 0 va sin B > 0 ) 
<=> sin 2A = sin 2B 

<=> 2A = 2B v 2A = n - 2B 

<=>A = BvA + B = — 

2 

Váy AABC can tai C hay AABC vuóng tai C. 


Bái 220: 

AABC la tam giác gi neu: 



Ja 2 sin 2B + b 2 sin 2 A = 4ab eos A sin B 

(1) 


[sin 2A + sin 2B = 4 sin A sin B 

(2) 


Ta có: 


( 1 ) <=> 4R 2 sin 2 A sin 2B + 4R 2 sin 2 B sin 2A = 16R 2 sin A sin 2 B eos A 
<=> sin 2 A sin 2B + sin 2 B sin 2A = 4 sin A sin 2 B eos A 
<=> 2 sin 2 A sin B eos B + 2 sin A eos A sin 2 B = 4 sin A sin 2 B eos A 
<=> sin A eos B + sin B eos A = 2 sin B eos A (do sin A > 0, sin B > 0) 
<=> sin A eos B - sin B eos A = 0 
<=> sin (A - B) = 0 
<=> A = B 

Thay váo (2) ta diídc 
sin 2A = 2 sin 2 A 
2 sin A eos A = 2 sin 2 A 
<=> eos A = sin A (do sin A > 0) 

«> tgA = 1 

A 71 

«> A = - 

4 

Do dó AABC vuong can tai C 

V. TAM GIÁC DEU 


Bái 221: Chiíng minh AABCdéu néu: 

bcV3 = R[2(b + c) - a] (*) 


Ta có:(*) <=> (2RsinB)(2RsinC) V3 = R[2(2RsinB + 2RsinC) - 2Rsin A] 
<=> 2>/3 sin B sin C = 2 (sin B + sin C) - sin (B + C) 


2V3 sin B sin C = 2 (sin B + sin C) - sin B eos C - sin C eos B 

+ 2 sin C 


<=> 2 sin B 


1 - — eos C - — sin C 
2 2 


1 R v/3 . R 

1-eos B-sin B 

2 2 


= 0 


<=> sinB 

1 - eos 

i C --| 

+ sinC 

1 - eos 

( Jl 

B - — 



l 3 J 



l 3JJ 


= 0 ( 1 ) 
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í 


Do sin B > 0 vá 1 - eos 


C- 


n 


sinC > 0 vá 1 - eos 


B - — 


3 

n 

3y 


> 0 


> 0 


Nén ve trái cüa (1) luón > 0 


Do dó, (1) <=> 


eos 


f n \ 

C-- 


= 1 


eos 


B - — 


= 1 


<=> C = B = — AABC déu. 
3 


Bái 222 : Chiíng minh AABC déu neu 


sin B sin C = — 

4 

2 a 3 - b 3 - c 3 

a =- 

a - b - c 


(1) 

( 2 ) 


Ta có: (2) <=> a 3 - a 2 b - a 2 c = a 3 - b 3 - c 3 
«a 2 (b + c) = b 3 + c 3 

<s> a 2 (b + c) = (b + c)(b 2 - be + c 2 ) 

<=> a 2 = b 2 - be + c 2 

<=> b 2 + c 2 - 2bccos A = b 2 + c 2 - be (do di hám cosin) 
2bc eos A = be 

* 1 A 7t 

<s> eos A = — <» A = — 

2 3 

Ta có: (1) 4sinBsinC = 3 

<=> 2 [eos (B - C) - eos (B + C)] = 3 

<=> 2 [eos (B - C) + eos A] = 3 

do (l)tacó A = — 

l 3 J 

Váy tü (1), (2) ta có AABC déu 


2cos(B-C) + 2 - =3 
<=> eos (B-C) = 1<=>B = C 


Bái 223: Chiíng minh AABC déu néu: 

sin A + sin B + sin C = sin 2A + sin 2B + sin 2C 


Ta có: sin2A + sin2B = 2 sin (A + B)cos(A - B) 

= 2 sin C eos (A - B) < 2sinC (1) 
Dáu “=” xáy ra khi: eos (A - B) = 1 
Ttfcfng tu”: sin 2A + sin 2C < 2 sin B 


( 2 ) 
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Dau “=” xáy ra khi: eos (A -C) = 1 

Tiídng tu”: sin2B + sin2C < 2 sin A 

Dau “= ” xáy ra khi: eos (B - C) = 1 

Tir (1) (2) (3) ta có: 2(sin2A + sin2B + sin2C) < 

eos (A - B) = 1 

Dau “=” xáy ra <=> < eos (A -C) = 1 A = B 

cos(B - C) = 1 


(3) 

2(sinC + sinB + sin A) 
= C 


•o AABC déu 


Bái 224: 


Cho AABC có: 

1 


1 


1 


1 


sin 2 2A sin 2 2B 
Chiíng minh AABC déu 


sin 2 C 2 eos A eos B eos C 


(*) 


Ta có: (*) <=> sin 2 2B. sin 2 2C + sin 2 2A sin 2 2C + sin 2 2A sin 2 2B 

sin2A.sin2B.sin2C , . 

=-(sm 2 A sin 2B sin 2C) 

2 eos A eosBeosC 

= 4 sin A sin B sin C (sin 2 A sin 2B sin 2C) 

Má: 4 sin A sin B sin C = 2 [eos (A - B) - eos (A + B)] sin (A + B) 

= 2 [eos (A - B) + eos C] sin C 

= 2 sin C eos C + 2 eos (A - B) sin (A + B) 

= sin 2C + sin 2A + sin 2B 
Do dó,vdi diéu kien AABC khóng vuóng ta có 
(*) «> sin 2 2B sin 2 2C + sin 2 2A sin 2 2C + sin 2 2A sin 2 2B 
= sin 2A. sin 2B. sin 2C (sin 2A + sin 2B + sin 2C) 

= sin 2 2A sin 2B sin 2C + sin 2 2B sin 2A sin 2C + sin 2 2C sin 2A sin 2B 


<=> — (sin 2B sin 2A - sin 2B sin 2C ) 2 + — (sin 2A sin 2B 
2 V ’ 2 V 

+ ^(sin 2C sin 2A - sin 2C sin 2B) 2 = 0 


<=>^ 


<=> 


sin 2B sin 2 A = sin 2B sin 2C 
sin 2 A sin 2B = sin 2 A sin 2C 
sin 2A sin 2C = sin 2C sin 2B 
sin 2A = sin 2B 


sin 2B = sin 2C 


<=> A = B = C ABC deu 


sin 2A sin2C) 2 


Bái 225 : Chiíng minh AABC déu néu: 

a eos A + b eos B + c eos C _ 2p 
a sin B + b sin C + c sin A 9R 
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Tacó: acosA + bcosB + ccosC 

= 2R sin A eos A + 2R sin B eos B + 2R sin C eos C 

= R(sin2A + sin2B + sin2C) 

= R[2sin(A + B)cos(A - B) + 2sinCcosC] 

= 2R sin C [eos (A - B) - eos (A + B)] = 4R sin C sin A sin B 


Cách 1: asinB + bsinC + csinA 


= 2R (sin A sin B + sin B sin C + sin C sin A) 

> 2R^sin 2 A sin 2 B sin 2 C (dobdtCauchy) 
a eos A + b eos B + c eos C 


Do dó ve trái : 


< — yjsin A sin BsinC (1) 
a sin B + b sin C + c sin A 3 


2p a + b + c 2/.. 

Ma ve phai: —— =-= — sin A + smB + smC) 

9R 9R 9 v ’ 

2 

> — >/sin A sin BsinC (2) 

3 

Tií (1) va (2) ta có 

(*)<=> sin A = sinB = sinC <=> AABC déu 

^ ^ 4R sin A sin B sin C a + b + c 

Cách 2: Ta có: (*) <=> 


a sin B + b sin C + c sin A 
4RÍ 


9R 


í a 1 

í b 1 

2 c ^ 


v 2R y 

v 2R y 

Urj 

a + b + c 


í 




2R 


+ b 


2 c 
v2R. 


+ 


ca 

2R 


9R 


<=> 9abc = (a + b + c)(ab + be + ca) 
Do bád dang thiíc Cauchy ta có 
a + b + c > >/abc 


ab + be + ca > \J a 2 b 2 c 2 

Do dó: (a + b + c)(ab + be + ca) > 9abc 

Dáu = xáy ra <s> a = b = c ++ AABC déu. 


Bái 226 : Chiíng minh AABC déu né"u 

ABC 

cotgA + cotgB + cotgC = tg— + tg— + tg — (*) 


Ta có: cotgA + cotgB = 


sin (A + B) _ sinC 


> 


sin A sin B sin A sin B 
sinC 


2 sin A + sin B 2 

l 2 J 


(do bdt Cauchy) 
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„ • C c 

2 sin —eos — 
2 2 


2 sin 


A + B 


sin 


- 2t 4 

Tiídng tu”: cotgA + cotgC > 2tg — 

2 

A 

cot gB + cot gC > 2tg — 

2 

TiT (1) (2) (3) ta có 


.eos 

( 1 ) 

( 2 ) 

(3) 


A-B 


C 2 A-B 
eos eos - 


A 


B 


2 (cotgA + cot gB + cotgC) > 2 tg — + tg — + tg — 

V 2 2 2 y 

Do dó dáu “=” tai (*) xáy ra 


<=> 


A-B A-C B-C , 
eos-= eos-= eos-= 1 


2 2 
[sin A = sin B = sin C 

A = B = C 
<=> AABC déu. 


BAITAP 


1. Tính các góc cüa AABC biet: 

g 

a/ eos A = sin B + sin C- 

2 

b/ sin 6A + sin 6B + sin 6C = 0 


(BS: B = C = |,A = ^) 
O o 

(DS: A = B = C = —) 

3 


b/ 


3. Cho AABC có: 


c/ sin 5A + sin 5B + sin 5C = 0 
2. Tính góc C cüa AABC biet: 
a/ (1 + cotgA)(l + cotgB) = 2 

A,Bnhon 

sin 2 A + sin 2 B = y/sinC 

eos 2 A + eos 2 B + eos 2 C < 1 
sin 5 A + sin 5B + sin 5C = 0 
Chiíng minh A có ít nhát mot góc 36 °. 

4. Biet sin 2 A + sin 2 B + sin 2 C = m. Chiíng minh 

a/ m = 2 thi AABC vuóng 
b/ m > 2 thi AABC nhon 
c/ m < 2 thi AABC tü. 

5. Chiíng minh AABC vuóng neu: 

b + c 


a/ cosB + cosC = 
b/ b 


a 


a 


cosB cosC sin B sin C 


to | o 
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d sin A + sin B + sin C = 1 - eos A + eos B + eos C 
d/ (b-c) 2 2[l-cos(B-C)] 

b 2 l-cos2B 

Chiíng minh AABC can neu: 

. 1 + cosB 2a + c 
a/ 


sin B 




, , sin A + sin B + sin C . A J B 

b/ -= cot g —. cot g — 

sin A + sin B - sin C 2 2 

c/ tgA + 2tgB = tgA.tg 2 B 


d/ a 


= b 


cot g—-tgA 

v ¿ . 

d (p-b)cotg^ = ptg^ 


tgB - cot g — 
4 j 


f/ a + b = tg —(atgA + btgB) 
2 

AABC la A gi neu: 


a/ atgB + btgA = (a + b) tg 


A + B 


b/ c = c eos 2B + b sin 2B 
c/ sin 3A + sin 3B + sin 3C = 0 
d/ 4S = (a + b - c) (a + c - b) 

Chiíng minh AABC déu né"u 

a/ 2 (a eos A + b eos B + c eos C) = a + b + c 

b/ 3S = 2R 2 (sin 3 A + sin 3 B + sin 3 C) 

c/ sin A + sin B + sin C = 4 sin A sin B sin C 
9R 

d/ m a + m b + m c =- vdi m a ,m b ,m c la 3 diídng trung tuyen 

2 



